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1. Mathematical Logic

Propositions
- can be either true or false

- Examples: "Vienna is the capital of Austria",
"Mary is pregnant", "3+4=8"

- can be combined by logical operators, e.g.,
"Today is Tuesday and the sun is shining".

Usual logical operators and their abbreviations:

anb a and b (And)

avb aorb (latin: vel)

— a not a

a=b a implies b (if a then b)
ashb a is equivalentto b

(if and only if a then b; iff a then b)



Quantifiers

VX for all x holds ...
X there exists an x for which ...

Further symbols

= is equal by definition
= is equivalent by definition

2. Sets

A setis a collection of different objects, which are
called the elements of the set.

The order in which the elements are listed does not
matter.

A set can have a finite or an infinite number of
elements. We speak of finite and infinite sets.

Examples:
The set of all human beings on earth (finite)
The set of all prime numbers (infinite)

Sets are usually designated by upper-case letters,
their elements by lower-case letters.

ae M ais element of the set M
aeg M ais not element of the set M



Two notations for sets:

- Listing of all elements, delimited by commas (or
semicolons) and put in braces:
A={1;2;3;4;5}

- Usage of a variable symbol and specification of a
proposition (containing the variable) which has
to be fulfilled by the elements:

A={x | xis a positive integer smaller than 6 }
(the vertical line is read: "... for which holds: ...")

alternative notation for the last one:
A={xelIN | x<6}

(IN is the set of positive integer numbers, not
including 0.)

Number of elements of a set M (also called
cardinality of M): |M|

example: [{xe IN | x<12 A xiseven}| =5
Propositions involving sets:
Example: 3ne IN: n*=2"

(true, because it is fulfilled for n = 2)

A special set: The empty set
Notation: &
For the empty set, we have |J|=0.
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Subsets and supersets

If A contains all elements of B (and possibly some
more), Bis called a subset of A (and A a superset
of B).

Notation: Bc A (or, equivalently, Ao B)
Visualization by a so-called Venn diagram:

(=)
It holds: Ac B A BcA & A=B.

Iﬂ'&lrjl,;'l':Ou
The intersection of the sets A and B is the se? o{ all elewe s

Uhich are elewent of A znd of B.
OPcr'a'l'ar ﬁbp--Lal: ﬁ

AN = {x| xeA A x€B ]

exawrfz:
$1:2,3,43 N {2,4,¢,8)

= §2:4}

Two sets A and B zre cald disjint it ANB =g

D®,



Union
The union of {le seis A avd B is fle set of all e(éh-qo..ﬂ{_,
whicl are elewent of A or of R.

Or)erz%r }qwlal: U (U = Union.J

AUB = {x]xeA v xeB}

CX2wmplo

§1.2:3,43 U f2.4,4 4]
= {’1‘:2:3;‘!,‘6’;3}

(What is {he nuwbas of elements [AUVR|[ }
I-F A awd B are o}{sjoi-\'é, we bave :

|AvR] =[A] + [BI A@@

(eneralization :

I{ A.r( f All""; Av\ are al( Fﬂ;ﬂw:St 4;51‘0;;\{' (%}k: Aj nA[‘ =¢ '{ J-"IC)
7

then | AqUAL U UALl = 1A+ Agl4 +[AL] .

Kewarks :
@ (Auf}) ul = Auv(Buc) (zssoc:a#vfl-;),

So we Can ownit the paventaeses

(‘k\—l L€ DY LLo[JS 'F;"l‘ -+ and ﬁr n)



@ SLlof‘t’ ve fatons {nr ilev ated OFcrz"':OHS:

-For 4] Se{'S Aq,..., An ‘LEJ Ai = A,. UAZ v... UAn

[4)
{er 1 Anmbers Xy ., ¥ Z X;

i=1

»
-ITXE = Xy Xg v o0 X,

(=1

Xa +X7 4... + X,

(D) T formna [AVB[ = [A]€[B] does ot batd if A 2B

2re net -J\‘s}cinf. T ¢l Aoneral Case, we have :

[Aaus| = lal+(8]-IANBI.

Difference of sets

The difftrence seb of fla sebs A and B is Hlu cet of 2ll elewans
vhich are elemet of A bal not of B, ("A without R")

Operator Syubel: — ( Sowmetimes alto used: \ )

|

A-B = {x| xX€EA A x¢B}

A R CXBmple :
{1.2,3,4% = {2.4,6,8}

C()u«r[&u‘a.t
If all cousidered seds ave subsets
a{ £ Hives Lasr‘r. Set % , e A;FFCuma.

Z-A s offe~ Called o owplemesdt of A
and i demotd AS.

AC=fxez| x€A]




The power set

The set of all subsets of a given set Sis called the
power set of S and is denoted P(S).

PCS) = {A| AC S}

E)(ﬂu—pl&:

S = {4; Z; 3 }

PCS) = ? G; {1}, f23; §3); 1,23, {1:3},12,33, 5,,52;3”
fbf A nuwmber of ihs o(tiets , e have ,}u;.” .

|pesy) = 2'°



CZf{es;am ,JTdat’ucf' a-f Sets

The cavéesian fma!ucf 'o{ fwo sets A and Br ,,[,_“,.,L‘( AxRB ,
ot set of all possible ordered pawrs here Ha Frst Covnponent

Ta (r-thmi’ of A 2and Ha Second Cowfang..q'é A tqug.,.f of 5
AxB = {(a,b)| aepr A beB}

2&&-—'#(’4: T 2n ordered pasr Hoe ordes of Ha COwpInets it fy')tcl,
1f a4b, He (a,b) 4 (b, a).

Exampte:  A=§1,2,33, b={u,v}:

AXB = { (nu); 12,u); (3,4); (1) €2,9); (3,0) }
AHenlion: Usaally #is AxB £Rx A !
Nuwber of elements: [ AxB[ = Al 1B]

v;Su:.“E:é:v‘“ of AxB in 2 Coordinate }4;5{&...-_

X
Jaw , ) L (,v) AxB
NLTY s (2,0) o (3,u)
P i
N 2 3

I‘E A and B ire Subsels o.C Ha set /Ro{ real Nnumbers , e Can st
Hr  Well-kenown Carlesian Coordinate system ,



Pf"OdLAC_‘(S 0—(: more Than fwo sets

The elewmends a-F (Ax B)xC are "hested pa-‘rs" ((a,L),c);
we ideatify e oHL He Crples (a, b, c) and write AxBxC,
Analegousty for 7uaerl¢s, efe.

A/‘ XAZ X"'XAI"E = {(a:’!lqz;“"/an)[ aq €/q.1 A 41(/41 A A aﬂfﬂn}
I Ap=Pi= 2 An , we wrte:
A" = Ax Ax . x A
e

———
N Limea s

= set of all n-duples with Cuponetr frow A.
Example :

B"’{XJY} =>

Bs = { {xfx!x); (X;xf(,)j (x,'j,X); (X,",‘f))
(2005 Cxt) ; (4,9,%; C9,9,9)
I{ Ho, (,wrom*_‘. 3ve I,dd’trj, -U«c pirm#«u: auJ Coravaz)y Are Of-:‘c...

omittdi BT = { xxx; oy xyx, oy yyy ) et of werds

af (z«_,f“ 3
Set of arbitrary wovds (strngs) over a el -
*
AT = AvAtuaptuado..,
wilh A° := {f} ’wkhe. £ is the e;..eiz word .

Exwple : {x;y}*= { E, Xy Y XX, XYy, Ux, yy ., xyy ;. 3

A+ = /A\q () A?— v A3 v .. a’oe} ne t Conn‘ll‘oh'n oo cu..‘r-ﬁy wam’,

The cartesian froducf in the Juc.—:f'}w‘m of datasedls

quuw“v, infafmz'f-?ms ﬂ_jzrlv‘uj A weASurement ave pud *u;e}p.,

n An ﬂ'hf”-‘- Exa"“f"""’ 5 = Set of -é.'m-: values

T = set of kmfm'f-ur& values
U = gef of [?Lara‘;ﬂry J‘J&n"-?ﬂhn

V = set of weasuremet values
A wedsurewent is tla- vepre sembed by = q"“‘f’f*
(5, t, w, v) € SxTxUxV
Lime f lm..:\ T~

of wensurtineat T lal id measuved value



3. Relations

A (binary) relation R between two sets Aand Bis a
subset of AXx B.

That means, a relation is represented by a set R of
ordered pairs (a, b) withae A and be B.

If (a, b) € R we write also a R b (infix notation).

Graphical representation (if A and B are finite):

If (a, b) € R, connect aand b by an arrow

The converse relation A" of R:

(ba)e ' < (a,b)e R

R ' is a subset of B x A.

In the graphical representation, switch the

directions of all arrows to obtain the converse
relation!
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If A= B, we have a relation in a set A.
Example: A= IR (set of real numbers), R =<
relation "smaller as". R consists of all number
pairs (x, y) with x < .

Generalization: n-ary relation:
any subset of A; xA>x ... xA,.
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4. Graphs

A 9raph Consists of = set V oof vertices 2wd 2 seld E
0{ edaes. E acl, edae connects two verdices,

Di{-Fcrcnf variands t'l'[L 9rzpln_1 ol?({cf in tHhe w2y how Hu edses
are ic]L"vu.ol :MJ. uLné 26(345 Aare -a”awcl:

e Undirected 9raphs :

The g‘{,‘t; are (unor)trc.{) 2 - eltrment subsets OF \/
Visualizahion Ju., undirected arcs :

w

. Dired’co{ anfnj:

The edges ve ordered pairs , iLe., E CVvxvVv
(E s 2 yvelabhgw in VJ

Visuali 2atan L-; directd ares . “Loopih are aﬂouco!,
nwualBple ares between dhhe 5Ama Vertees are rot allewed ;

5o

o NMudtigraphs .

Mulbiple directed edges are allowed

2
S

e Labelled gfaplns :
Verkices and/or edges have labels A
-Fr'o»-. a set Of \/Cf‘"‘x/ejjg ’7LQ!J 4 /
2

(Names, wuwbers,... )
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E x Fvaples :
tvan srmré nefwerks

- metabeolic networks

- chul LJch

CIIS} J:l_,ﬂws o Soff'u’zrc enj{uceﬂ'na

~ 9enenlogical Lrees

- structural ermlnc e cldl—u-fshj

H H
R A
He C= C— C\ vertex ~laballed
PI ,L ©~H wanléigvaplh
/7 N\
H H

Fq:l"ns " jrAPLs

A pa-H-\ s A Sequence af eJJ.e,s wher 4o Consecadve edyes

fnaue one Veetex

1M COlaran gvn

kb
a2 erL between Z and b
A pa-Ha vhee shard- and snd verfx Comelde 15 called a Circle

1.4 ){ftd‘d eru, we dhs'l—in)u.‘sl. betieen divected aud Und \'rected
F?H‘IS . Awl-d""t Patf

iyl

?red-d f"““ °
Cyele

A Jdirected circle is called a tgc(-&, \L ”*
H
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Connected ness

If fer every pair of Verdices (a, b) in 2 gvaph | Here is a path

l)d"-wezn a and b, fle jﬂplq is called connected

Evc-rt, unconnected graph can be Jec::mfou_( o Comvected Covaponanis

S &N

a ﬂf‘l’l“ with '-f conneeteld Comroww“'s

Grﬂpla -theereheal distance

The é;s{'zncz between hvo verbices @ 2ad b in a Frnple

is fle bﬂ”ﬂ-’
te., e nualbo of edges , of Ho shordest Pl hedveen a and |

if jugl.. P fmqq exists, 04{-4.1!«(2, 'H-\-‘. cl.:!’!!nct 'S uanA‘-u.l

—

L "

a . x . dist(a,b) = 3

Trees

A dree s = 9raph witlnt Circles .

A tree:

Example : phylegenehic Frees
deserbing  denche leinship Ledween species

A rooted tee is a tree in which o vertex , He voot ,
’'s J?S‘Hh_gu:;u,

roet
The root s a{*f-f.- drawn 24 Hha 'fa‘n :

Rooted hets are used f> describe
L.‘.cnrck.:u R R biolegieal Systcomaties,
in arsanizatens or in nestd direchmies of datx.
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- ¥

“"2u& path ,\ 7

from Has voot (exf varkices
to 2 leaf

Dr.g ‘Ze

The number of edges Fr Whith a verfex belomgs /3 called the degree
of He verdex,

In directed 9riphs e ahh‘--'n;u,';l, bethween ;hajl.z-ru and Ou*ﬁru
of A Verfex,

Subdivision
A subdivision G! of a graph G i3 obtamed by jnstrfag verblees
of oegree 2 in He edges of 6.

G: q -— 6':

QHPIL“L gﬂp]a.}
Tle Compleb gaph K,y 15 e areph wath n verkces whee
every rm;r of i ff eremt verHees 15 Comnechd by A ea{,g_

(8lso called : Cll‘gu.f, )
-] A XK
K, Kg Ky ke, ke
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B'mpwl-'k 9vaph

A Li_per-‘h graph cam be ,Sf/H’ inte Fwe Jr‘r)'ﬂ"nf Sets of
VCY\L:CJ!.T, A Znd B, Sucl, Jlot 2” “‘JL‘ 90 frvu-. x veviex JE’"‘"A
Lo 2 verdex fon B,

A B

(Tue edpes Ham frrmm & fefabon behreen A and 8.)

CSVERD)

e Lounplete biparl-'k graply Ka..,,.. s a b;pzr#k ovepl wAtl,
!A' S m, fB, =n and edars 90 frow eYery verkex of A
'('U CVC-r-J v eddex af &

o é
K3 3,3 K, |

' '

r

P’?narﬂt’

A ovaph s .ﬂh_“?.‘.‘. s veekees and edges can be

gom bedded in Hee r’:nf- , with edges as ares im Pl y)am»,
such $hat no two diffeent elges inttrseet in points diffecent
from Hor shart= 2nd end verder .

=GN

ion- ffan:r e u.u:.‘a r{:n ar a..bd-l.'u_,
of Yhe Sawar gvaph
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Icuvatowski's flicoren ;

A oraph is planar  iof and suly if it dees ot Comtain
2any Subdivisian uf K’. or [{3'3 )
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5. Functions

The function is a fundamental notion in
mathematics. It is used to describe:

- a dependency between two variables (e.g.,
between measured sizes of the same objects)

- a transformation of data during some calculation
or processing step

input :® > output
- a development of a variable in time or in space
(e.g., heigth growth of a plant;
magnetic field strength in space...)

Frequently used synonyms for function:
mapping, transformation, operator

The precise definition of a function identifies it with
the relation between "input" (argument(s)) and
"output" (value), i.e., a function is defined as a
special case of a relation:

A relation R between the sets A (= possible input
values) and B (= possible values) is a function if for
every a € Athere is exactly one be Bwith a R b.
We write then f instead of R and use frequently
the notation f(a) = b.
Further typical notations:

fFA—- B, a—b.
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Tl/u, {,ltam'“j srhnalon 3 Thas excludad for F-uckw\s ,

Lecswse_ a would have fu, d{-ﬁpcmm( “lmaages” ja B

A B -F(a) aast be

] wrigue.

r

Allowed ;s -

fla)=¢

B
»r £(b) =c

writlem a5 set: = {(a,c); (L, )} C AxB
e Say “-{ wiaps a to c", “e s am fwage of a wades £,
-F (s fle funcHon, f(q) is & special value
a is called W Arsument of f.
Different notakoms :

-F( a)  or -Fa. prefix votation

af posthix nofation

19



Domain and image of a function

][: A —B

A is called +ae CJ.vaz;n of 'I[

{(A) is calid e jmase of A unde £
Sowehimes alse range of £

Multivariate functions

Fumcgwj Can have sevitral Frgumenss :

f- AxB = C
(a,b) =5 ‘F(ﬁ,{o>‘='*c € C
acA beB

£ AaX..xAn 3 (ay,..,qn) P f£(a,,.,a.) € C

20



Injective, surjective, bijective functions

Lnjechvity
A -éun('{'{m -IC: A-"?B 's called injzc#’vz f{
Va,behA: a+b = fla)£0t).

That means, o o ishonct elevats af A have always
Aishinet rmgef . Not allowed s :

A o 8
b' -’
4
Surj.e.c‘f-fv?h}

A LuneHon {; A—R s calted surjective /f

VbeER TaceA: Flay=b. Al ele—ebs of 2
ATe ivmanes o{ elenets of A. Mt allowrd is:
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B}SQ—C""""H“]
{+ A—=B s caltd bijecdkve if it is injechve znd

(urjt("'\'\l{_.

B;J‘Lc{—:w. ]L'-«Hc-‘-s'ws Can he inverded ,

i.e., e Conversa relakion 1[—4: B—A s agaim 2 fuuc'fﬁ'ﬂs‘.
T]A.a\t S .lfﬂ'ﬂ,) I hni:ug -F,r eviry ‘pG B

EXam,ofc. where s is mot e case .
fx) =x? A=B=IR

£(2) = L

.ﬂ -
1&(*2)59 } 4 'F (Lf) not Lnique ,

{’4 e fu“c;.,"“
.‘C fs Md\" lh‘jecﬁ\'vc Own K

How to obtain the inverse function of a bijective
real-valued function (with one argument):

e solve f(x) = y for x, so you obtain x = f'(y)
e switch the names of the variables (x < y)
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