The Derivative of a Function

Measuring Rates of Change of a function f(x)

Secant line

Jfx)
Sf(xo)

Average rate of change of y with respect to x over [x,, x]

‘change iny" _ f(x) — f(xo)
"change in x"  x — X,
- Slope of secant line through x,, f(x,) and x, f (x)

= Taverage =
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Instantaneous rate of change of y with respect to x at point x,

Tangent line

Secant line
Sf(x)
J(x0)

_ e SO0 = f(xo)
Tinstantaneous = xh—gclo X —x
0

- Slope of tangent line at x, f (x,) [provided the limit exists]
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Slope of Tangent Lines

J= P
S P
'd
+ x
X0
Definition:
[Tangent Slope at x,] = lim [Secant slope between x, and x]
X—Xo
So,

[f (x) = f(x0)

Mrangent = liM Y — x
0

X—Xg
[provided the limit exists]
Since the tangent line passes through (x,, f(x,)) , its equation is
y— f(x0) = mtangent(x — Xp)
Alternate notation:

I [f(xo + h) — f(xo)]
1m
h-0 h

X =Xyt h Mrangent =

73



What is a Derivative

Definition: The function f’ [f prime of x] derived from f and defined by

[f(x +h) — f(X)]
h

f'(x) = lim

is called the derivative of f with respect to (wrt) x
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Exercise:

Find f'(x), if f(x) =x?+1
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Solution:

f'(x) = lim

h—-0

[f(x+h) f(x)] [(x+h)2+1—(x +1)
h

= 2x

2hx + h?
hm[ (x? + 2hx + h* +1 — x? —1)] I O[—]
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Exercise:

Let check that the tangent slope of f(x) = mx + b is "m" everywhere
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Solution:

f'(x) = lim

n
[f (x + ) f (x)] i [h (mGx + 1) + b — (mx + b)) =

= lim [—mh] =limm=m
h-0 |h h—0
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Functions: Differentiable (or not!) at a single point?

We say: f is differentiable at x, [has a derivative at x,] if f'(x,) exists.

The process of finding derivatives of function is called differentiation

If a function has a derivative at a point it is said to be differentiable at that point

e.g. f(x) = +/x is differentiable at every point in its domain except x = 0

y
& p(!) TER
vERTICAL
TANGEWT \
CUNDEFINED
o x

Stopg )

Geometric reason:
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A function differentiable at a point is continuous at that point
Theorem: If f is differentiable at x, then f is continuous at x,

Proof: Since f is differentiable at x, we know

f(xo +h) = f(x0)
h

f(x) = }ll_r)r(l)
exists

To show f is continuous at x, we must show [definition of a continuous function]

lim f(x) = f(xo)

X—Xo

We can rewrite:

lim [f(x) = f(x0)] =0

X=X

80



Rewriting once more, we need to show with x = xo + h
lim[f (xo + h) = f (x0)] = 0

— i
1m n

[+l — @)
h—0

£ (x0)

l{= =

limf (o + ) = f ()] = Jim l(f(xo +1) = Fxo)) -
= f"(x9)-0=0

So, if f(x) is not continuous at x,, then f(x) is not differentiable at x,
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f can fail to be differentiable!

Here are the ways in which f(x) can fail to be differentiable at x,

Example: f(x) = |x| is not differentiable at x = 0

o fOER = f©O) _ 4l
im = lim

h—0 h h-0 h

which does not exist because

@_{1,h>o
h (-1,h<O
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Functions Differentiable on an Interval

e On open intervals: a function must be differentiable at each point (2-sided limit)
e On interval with endpoints: a function must be differentiable at each point on the
open interval (2-sided limit) and have a left/right hand limits at the end points

Definition:

Left Hand Derivative

fx+h) —f(x)
h

f-'G) = lim

Right Hand Derivative

f+’(x) = lim

h-0t

fx+h)—f(x)
h
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Other Derivative Notations
d
f'@) = [f(@)] = D;[f ()]

Ify = f(x),
dy d

f@=y===—Dl

At x = x,

d
Fe) =, - =
X — Xg = Ax

fO) —f(xg) =f(xog+h)—f(xg) =y —yo = Ay
So,

[f (xo + AX) f (x)]

Ax—0 [Ax] Ax—>0

f'(x) =Z—Z= lim
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Finding Derivatives

1. Differentiation technique:

fx+h) —f(x)
h

f'(x) = lim

2. The derivative of any constant function is zero
(c)' =

Obvious: Horizontal line has a horizontal tangent at each point
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3. The Power Rule:
For any real number n

(x™) = nx™1

Proof for positive integers, n =0, 1,2, ...
Recall:
a’? —b%? = (a—b)(a+b)

a3 — b3 = (a—b)(a*?+ ab + b?)

a* —b* = (a — b)(a® + a?b + ab? + b3)

a®—b*=(a—-b)(@* 1 +a"?%b+--+ab™ %+ b 1)

86



(x™)" = lim

(x+ )" —x™
h—0 [ h ]

1
= lim |G+t h =[G+ D™+ (e + B2 et (0 + )X+ x| =

= ;lirr(l)[(x +h)" T+ (x+h)"" 2x+ -+ (x + h)x" 2+ x" 1] =

=x" 4 x" %+ x X2+ X = pxl
N——— N— —— ——
xn—l xn—l xn—l

d
_— n —
7 [x™] = nx

n-—-1
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Examples:

function 1. derivative
f(x) = cx = cx? ffx)=cxt"t=¢
flx) = x? f'(x) =2x%"1=2x

flx) =x3 f'(x) =3x3"1 = 3x2
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Constance Multiple, Sum and Difference Rules
Theorem: If f, g are differentiable at x and c is any real number
Then
(cf(x) = cf'(x)
(fl)+g(x)" =f'(x)+g'(x)
(F) —g®) = f'(0) —g'(®)
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Exercise: Find f'(x)

flx) =2+ x%°
f(x) = 5x% — 3x
FGo) = —2

Va3
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Solution:

function

1. derivative

f(x) =2+ x%°

f'(x) =0,5x%>"1 = 0,5x7%°

f(x) =5x% —3x

f'(x) =10x — 3

6 3
f(x)=\/x_3=6x 2

Fe=6(-2)x7 =
18 _s 9

2 Iz
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The Product Rule

Observe:
(Fe) - g()) # f1(x) - g'(x)

Example:

f =1 gk =x

ffe) =0, g'=1

flx)-g'(x)=0-1=0

(fx)-g(x) = x
(Fx) - g@) =1#f'(x)-g'(x) =0
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Theorem: If
f, g are differentiable at x

then

(Ff()-g(x) = fx)gl) + f(x)g' (%)
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Proof:

[f(x+h) g+ h) — ) - g™ _

(f() - g(x))" = lim -

=0

i [fE R gG A —FG R gC) + fr ) g() — fC) 90| _
h—0 h

+ lim
h—-0

h

i [f(x +h)[g(x +h) - g(x)]]
= 11Im
h—0 h

[g(x)[f(x +h) = f(x)]] _

— lim £Gc+ h) - lim lg(x + h})l—g(x) Jim 9x) - lim [f(x +h})l—f(x)] _

=f(x)-9'(x) +g(x)- f(x)
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Sometimes we write

d[ | = dv_l_ du
dxuv _udx vdx

Generalized Product Rule:

!

(ﬂf) =(hfo far o )
i=1

=fi ot fowot ot oot faor fd
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Example:

f(x) =2x3(x - 1)

Solution:

fl(x) =3-2x%(x— 1)+ 2x3-1 = 6x3 — 6x% + 2x3 = 8x3 — 6x2

or.

fl(x)=2-4x3 —2-3x% = 8x3 — 6x°
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The Quotient Rule

Observe:

(f (x))’ IAC)
g(x) g'(x)
Example:

f(x) =1, glx)=x

/ — / _ f,(x)_g_
ffx)=0, g =1, g'(x)_l_o
f) _1
gx) x

() 1,10

) - et ew
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Theorem: If f, g are differentiable at x, Then

(f (x)>' (g () — g (%)

gx)) g(x)?
We also write:

v du U dv
i lE] _ _dx dx
dx Ly 2
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Handy fact:

(;) 0 0-1-f'() ()
f(x) f(x)? f(x)?
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Example:

3x

f(x)=5

Solution

o 3:2x(5-x)—3x*(-1) 30x—6x*+3x* —3x”+30x
fa = G — 7 ST Go0r Gox~

100



The Chain Rule: Derivatives of Composition of functions

Motivating example: f(x) = (x% + 1)1%, Find f'(x)
Our only technique is to multiply this out — weary tedious.
Instead, think of (x2? + 1)19° as the composition of two functions.
Suppose

flx) =«

gx) =x?+1
Then
flg() = fF(x?+1) = (x% + 1)100

We can use the derivatives of x1°° and x? + 1 to calculate the derivative [wrt x] of

y = (x2 + 1)100
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Rewrite
y = (x2 4 1)100

as
y = ul% whereu =x%+1

Then

' _ay _ 99 RN
y'(u) = — = 100u ,and u'(x) — = 2x

Togety'(x) = % we multiply

dy dy du
dx " du

outer inner

y'(x) =y (w)-u'(x) = 100(x? + 1)%9 - 2x = 200x - (x% + 1)*°
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Theorem [The “Chain” Rule]
If g is differentiable at x and f is differentiable at g(x) = u

Then y = (f o g)(x) is differentiable at x

N\ N\

X g(x) w
—u =y
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Exercise: Find f(x)

flx) = 4(x* - 1)*

Solution:

f) =4(x%—1)°

u

y(u) = 4u? ulx)=x*-1

o) = y@) -u(x) = 4-2(x? — 1)2x = 16x3 — 16x = 16x(x% — 1)
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Recall:

Then

h—0

Derivatives of Trigonometric Functions

. sinh _ 1 i 1—cosh]_0
hool ho )T T RS h B

sinx = lim
h—-0

sin(x + h) — sinx
——

~ [sinxcosh + cosxsinh — sinx
= lim =
h—0 h

cosh — 1 sinh
= lim [sinx (—) + cosx (—)] =
h-0 h h

h

h—0
v ~————
-0 -1

_ , cosh — 1 _ sinh
= lim |sinx (T) +1lim |cosx (—) = COSX
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[sinx]’ = cosx

[cosx]" = —sinx
1
[tanx]’ = >
cos?x
1
[cotx] = —

sinx
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Exercises: Find f'(x)

function 1. derivative
f(x) = cos2x f'(x) = —2sin2x
f(x) = sin (x?) f'(x) = 2xcos(x?)

f(x) = cos?x f'(x) = 2cosx(—sinx)
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Derivatives of Inverse Trigonometric Functions

1
larcsinx]’ = ﬁ
, 1
larccosx]’ = —ﬁ
, 1
larctanx] =TT 22
larccotx] = — !

1+ x2
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Derivatives Involving Logarithms

We find

(Inx)' = :—x [Inx]

For x > 0 [Domain of lnx]
We need two facts to recall:
1. Inx is continuous

So, at any a we have:
Ina = lim[lnx] = In|lim x]

xX—a X—>a

The limit “moves through the In
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n
2. Definition: “e” is that number which (1 + %) approaches, as n - o

e ~ 2,71828 ...
1 X
lim [(1+—) ] =e
X—>—00 x
X—+00
+
Let u :1, 5o X ~ T meansu — 0

x x > +oomeansu — 0~

Thus
i [(1+10%] = o

[Limit is two-sided]

110



So,

h h—-0 X

, ln(x+h)—lnx_ x+h
(Inx) h—>0 [ ] lim [h (

1 h
= lim [— In (1 + —)]
h-0 |h X

Letv=%sov—>0,h—>0

1 1
= lim [— In(1+v)| =-"-1lim lln(l + v)Fl =
X v-0

v—0

1
—-lnllim(1+v) ] ——lne =—
X v>0 -~ X

=€
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So,

Generalized version:

(Inx)’

— [Inx] = -,
X X

112
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So,

1
(Inx)' = < forx>0

r- 11
(logy x)' = ——, forx>0

113
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Exercises:

function

1. derivative

f(x) =In(2x —1)

1 1
.2:

fl&) =5-"=3 Xx—05

1 1 1
fl) =7—= ()™ f'e) = - — = T X Unx)?
2x2

f(x) = xIn(3 — x?)

f'(x) =In(3—x%) —

(3—x2)
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What is

Derivatives of Exponential Functions

d
(b*) = —[b"],

b =0,
b+ 0,
b+1

?
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Development:

Since

u = b*
Inu = xIlnb
dl = [xinb]
dx*?g_dxxn

=y
1du_lb ,
udx_n
du_ Inb
dx—un
u = b*

d
—[b*] = (b*)' = b*Inb
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Important case:
Ifb=c¢e

(e*) = e*lne = e*
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Exercises:

function 1. derivative
f(x) = esx f’(x) — 585x
eSx Sy 5 _,
f)=—= > - x™? fl(x) =5e> - x72 + > (=2)x3 = e ( J; )
X

f(x) =+e** +x

f(x) = %(Bzx + x)_% - (2e2* + 1)

flx) =2*

f'(x) = (In2)2*

flx) =2%

f'(x) = 3(In2)23*

flx) =x.23%

f'(x) = 23% + 3x(In2)23*
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Notation for Derivatives of Derivatives [Higher order Derivatives]

1% Derivative:
, d , d _dy
f'(x), T [f(x)], ¥, P ly] =

2" Derivative:

d*y
dx2

[, dx[dxf( )] dx? f(x)] ' dx[a@] d

The second derivative of y wrt x

For higher derivatives

dy d"
(n)
f@, dx™  dx"

Lf ()]

The differentiations rules are the same
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Exercise:

flx) =3x*—2x3+x% —4x + 2
f'(x) =12x3 — 6x% + 2x — 4
f"(x) = 36x%—12x + 2
FO®(x) =72x—12
f®(x) =72
fM™(x)=0foralln=5,6,7 ..
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