
Applications of derivatives: 
Extremal problems in two variables 
 
 
 

 
 
 
 

 
 
 



 
 
 
 

 
 
 



 
 
 

 
 
 
 
 
 



Integration 
 

 
 
 

 
 
 
 

 



 
 
 

 
 
 
 

 



   
• F(x) + c   - one of many antiderivatives of  f 

    

The indefinite integral of  f  represents the entire family of all 
antiderivatives of  f. 

 
 

 
 
 
 
 
 



 
 

       

       
 



 
 

 
 
Notes on constants of integration: 

• Do not forget the constant of integration! 
• Do not introduce it too soon 
• Combine multiple constants of integration into one c 

 
 
Integration techniques considered so far: 
 

(1) Use (create) a table 
(2) Rewrite the integrand (in order to use the table) 

 
 

 
 



 

 
 

 



 
 
 

 
 
 
 
 
 
 



 
 
 
Application of the substitution technique: 
Always consider “substitution” first. 
If one substitution fails, try another one! 
 
Always make a total change from one variable (x) to another 
(u). Never mix variables! 
 
 
 
Key requirement for applying substitution: 
 
Find something in the integrand to call u to simplify the 

appearance of the integral and whose  is also 

present as a factor. 
 



 
 

 
 
 
 

 
 



Application of integration: Calculation of areas 
 

 
 

 
 



 
 
 
 
 

 
 
 
 



 
 

 
 
Partition in equal subintervals: n → ∞ means  ∆x → 0, which 
guarantees that each width shrinks 
Partition in unequal subintervals:  max ∆xk → 0 guarantees that 
each width shrinks. 
 
 
 
 
 
 
 
 



 
 

 

 



 

 
 

 



 
 
Properties of definite integrals: 

 
 

 



 
 
Fundamental Theorem of Calculus, part I: 
 

 
 
 
Part II: 
 

 
 
 
 
 
 



 
 
 

 
 

 



 
 
 

 
 

 



 
 

 
 

 



 
 

 
 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Sources: 
 

Irina Kuzyakova: Computer Science and Mathematics (study course MES),  
summer semester 2014, part “Basics of Calculus” 

Richard Delaware (Univ. of Missouri): Lectures (youtube.com) 
Gregory L. Naber (Drexel University): Lectures (youtube.com) 

Wikipedia 


