
213 

 

Part III: Basics of Calculus 
 
We return to functions with real numbers as values. 
 

They are very often used for modelling dependencies or the behaviour of 
systems in physics and other sciences. 
 

 
 
Topics for the next 4 weeks: 
 

• Sequences, sums, series 
• Limits of sequences and of functions 
• Differentiation 
• Curve discussion and extreme value problems 
• Integration 

 
 
1.  Sequences 
 
Consider the infinite „list“ of terms: 
 

 
 
Formula for the n-th term:  1/n 
 
In general:     a1, a2, a3, …., an, …. 
 
We call this mathematical object a sequence 
and can define it as a function from IN to IR: 
 
                      a(1), a(2), a(3), …, a(n), … 
 
Short notation: (an) 
 
In practice, a sequence is an ordered list of real numbers that most often 
follows some rule (or pattern) to determine the next term in the list. 
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A sequence is often given by the n-th term formula (also called the 
general term). 
 

 
 
Distinction between a sequence and a function on IR (or on an interval of 
real numbers): 
 

 
 
( „Ran“ means „Range“ here, i.e., the set of all obtained values.) 
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(Some) possible solutions: 
 

 
 
 
Recursion 
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Definition: 
 
A sequence (an) converges to a number L (called then the limit of the 
sequence) iff any interval around L (however small) contains nearly all 
the terms of the sequence, 
which means: … all terms except finitely many, 
which means: … all terms which come after some index n. 
 
In this case we write: 
 

 
If no such number exists we say that the sequence (an) diverges. 
 
 
 
 
Example 1:   (3n)  =  (3; 32; 33; … )   diverges. 
 
Example 2:   ((1/2)n)  =  ( 1/2; 1/4; 1/8; 1/16; … )  converges to 0. 
 
Example 3:   (1n)  =  (1; 1; 1; 1; …)  converges to 1. 
 
 
For power sequences in general, (xn) converges to 0  if –1 < x < 1, 
converges to 1 if x = 1, and diverges for every other value of x. 
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Remark: The summation index must not necessarily be named k. 
Other variable names can be used. 
It must not necessarily begin at 1 and end at n. 
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Properties of sums 
 
Let (an), (bn) be sequences and c some real number. Then: 
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Partial sums 
 

Given an infinite sequence (ak), the sum of its first n terms is 
 

a1 + a2 + a3 + … + an, 
 
which we call its n-th partial sum. 
 

(This is at the same time the n-th partial sum of the “infinite sum” 
a1 + a2 + a3 + … ; we will come back to this concept.) 
 
Notation: 

 
 
 
Example:  “Arithmetic sequence” 
 

Definition: Let a, d ∈ IR. An arithmetic sequence has the standard form 
 

(a, a+d, a+2d, a+3d, …, a+nd). 
 
Equivalent recursive definition: 
a1 = a  (first term),  an+1 = an + d  (for n = 1; 2; 3; …) 
 

(i.e., d is the difference between any consecutive members of the sequence.) 
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The n-th partial sum of an arithmetic sequence: 
 
Let (an) be an arithmetic sequence with first term a and common 
difference d. Then its n-th partial sum is: 

 
 
 
 

 
 

i i 

i 

i 
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Example: “Geometric sequence” 
 
Definition: Let a, r ∈ IR where r ≠ 0.  A geometric sequence has the 
standard form 
 
(a, ar, ar2, ar3, …). 
 
 
r is called the common ratio of the sequence. (It is the ratio of any two 
consecutive members of the sequence.) 
Equivalent recursive definition: 
a1 = a (first term),  an+1 = an ⋅ r   (for n = 1; 2; 3; …). 
 
The direct n-th term formula for a geometric sequence:   an = arn–1 
 
 
 
The n-th partial sum of a geometric sequence: 
 
The n-th partial sum of the above geometric sequence is 
 

 
 
(n = 1; 2; 3; …  and  r ≠ 1 ). 
 
Proof:  Assume r ≠ 1. 
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Observe: 
The n-th partial sums Sn of a sequence (ak) = (a1, a2, a3, …) 
form their own sequence  (Sn): 
 

(Sn) = (a1, a1+a2, a1+a2+a3, …). 
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If the limit of the sequence of partial sums exists and is finite, 
 

then the series is called convergent. 
 
 
If the limit of the sequence of partial sums does not exist or is plus or 
minus infinity, 
 

then the series is called divergent. 
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2. Limits of functions 
 
 

 
 

 
 

 
 
Notation to describe this behaviour of f when the input x approaches the 
x-value a: 
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Example: 
 

 
 

 
 Graph of f : 

 
 
(The methods how to prove this will be introduced later.) 
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Limits of some basic functions for x → a : 
 

 



230 
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Limits of polynomial functions 
 

 
 
Two monomials with the same degree and the same variable are called “like terms”.  
anxn and bnxn are “like terms”. 
 

 
 
 
Limits of polynomials 
 
Example  limx→5 (x2 – 4x + 3): 
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This result is the same as the result of “substituting a for x” in the 
polynomial. 
 
Thus, the calculation of limits of polynomial functions is “easy”: Just 
insert a for x. 
 
 

 
 
→ this case is also “easy”, same as for polynomial functions. 
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A more general method to solve this case will be introduced later. 
 
 
 
Until now, we have considered only the case that x approaches some 
real number a. But often one is interested what happens with f(x) when x 
gets smaller and smaller, or larger and larger. 
We write  x → ±∞  for this case, and speak of “end behavior” of f. 
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( Deg = degree ) 
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Sources: 
Irina Kuzyakova: Computer Science and Mathematics (study course MES),  

summer semester 2014, part “Basics of Calculus” 
Richard Delaware (Univ. of Missouri): Lectures (youtube.com) 
Gregory L. Naber (Drexel University): Lectures (youtube.com) 

Wikipedia 

 


