Part lll: Basics of Calculus

We return to functions with real numbers as values.

They are very often used for modelling dependencies or the behaviour of
systems in physics and other sciences.

The main teaching objective of the course: To become acquainted with the
basics of calculus, that includes the theories of differentiation, integration,
measure, limits, infinite series, and analytic functions.

Topics for the next 4 weeks:

* Sequences, sums, series

» Limits of sequences and of functions
 Differentiation

* Curve discussion and extreme value problems
* Integration

1. Sequences

Consider the infinite list* of terms:

) nmn

I,

111
1’2’37
Formula for the n-th term: 1/n

In general: ai, az, as, ...., an, ....

We call this mathematical object a sequence
and can define it as a function from IN to IR:

a(1), a(2), a(3d), ..., a(n), ...
Short notation: (an)

In practice, a sequence is an ordered list of real numbers that most often
follows some rule (or pattern) to determine the next term in the list.
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A sequence is often given by the n-th term formula (also called the
general term).

Exercise: Write the first 5 terms:

1
a, =—,n=1,2,34, ..
LU 2n

Solution:

FA B AR

Distinction between a sequence and a function on IR (or on an interval of
real numbers):

Sequence Function

1 1
anza,nEN f(x):;,xe[l,w)

o 111
ana = {]—;ErgJZi } Ran f(x) = (011]

15 1,5

0‘5 ¢ 0’5- \
* o * o

Graph: Consisting of Graph: Continuous Curve
discrete discontinuous

Dots

( ,Ran* means ,Range” here, i.e., the set of all obtained values.)
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Warning: You cannot determine a sequence from only a finite number of

terms!

Example:
ay as as
1 3 9
1 3 9
1 3 9

(Some) possible solutions:

aq 05 s 5 an
1 3 9 27 g1
1 3 9 19 .. 14+2(n—1)2
12
1 3 9 [ S b
n
Recursion

Often a sequence is given by a recursive formula

e Stating its 1% term (s), then

¢ Writing a formula for the n" term involving some preceding terms. This is
called a recursive formula

Example:
al = 1
a =4- a,_, :recursive formula
@, 0y f
subsequent previous
Solution:
a1 = 1

a2=4"a1=4‘1=4
a3=4"a2=4'4=16
a,=4-a;=4-16 = 64
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Limits of sequences

Some sequences “approach” a number as you move out of the sequence: e.g.

the sequence

1 11
’ J3J4J"'

O] =

“approaches” 0

Definition:

A sequence (an) converges to a number L (called then the limit of the
sequence) iff any interval around L (however small) contains nearly all
the terms of the sequence,

which means: ... all terms except finitely many,

which means: ... all terms which come after some index n.

In this case we write:

L= 1lima,

n—00

If no such number exists we say that the sequence (an) diverges.

Example 1: (3") = (3; 3% 3% ...) diverges.
Example 2: ((1/2)") = (1/2; 1/4; 1/8; 1/16; ... ) converges to 0.
Example 3: (1") = (1;1;1;1;...) converges to 1.

For power sequences in general, (x") convergesto 0 if -1 <x <1,
converges to 1 if x = 1, and diverges for every other value of x.
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Shorthand: Summation notation.

The sum of n terms can be written as Where k ends

/

a1+a2+a3+'"+an222=1ak

The form (formula) for
the k" term of our
seguence

~Sigma“- greek ,s"

[stands for: sum] k=1

Index, starts at

Examples

S|

Z 1)—1+1+1+ -
(k 1 2 3
k
n
12+22+32+---+n2=Z(k)2
k=1

8
Z[(_1)k+1 . zk] — 25 — 26 + 27 _ 28
k=5

Remark: The summation index must not necessarily be named k.

Other variable names can be used.
It must not necessarily begin at 1 and end at n.
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Properties of sums

Let (an), (bn) be sequences and ¢c some real number. Then:

1. Yk=1(c-ap) = c- Yi=1(ayx)

2+3. Yioq(ar £ b)) = Xio1ax £ Yi—1 by

4.0, ay =Z;i=1 ax + Lk=j+1 > Where 1 < j < n breaks into 2 pieces

5. Yjioic=n-c

Examples:
1.
8
2.0~
k=3
2.
3
Z 5.1 516l
k71 72
k=1
Example:

Given are the following measurements for y;;:

DW= =

=N =

Compute the following sums:

0w

NN W= W

W= W ks

RN =0 oo

9+9+94+9+9+9=6-9
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Solution:

N1 2 3 45
11 2 1 3 6
23 5[3 1 5
3 4 3|2 5 1
4 6 8|2 3 2

5 4 5
Z Z Yij = Z(}’i2+}’i3+}’i4) = V321tY33 + V3a+Yaz + Vaz+Vaat+Ys2+Ys3tVs4

['=3]=2 =3
=34+24+24+14+54+34+54+14+2=24

Partial sums

Given an infinite sequence (ax), the sum of its first n terms is
ai+az+az+ ...+ an,

which we call its n-th partial sum.

(This is at the same time the n-th partial sum of the “infinite sum”
ap +az +as+ ... ; we will come back to this concept.)

Notation:

n

S = Z a, n=012,..

k=1

A partial sum is a sum of part of the sequence

Example: “Arithmetic sequence”

Definition: Let a, d [ IR. An arithmetic sequence has the standard form
(a, atd, a+2d, a+3d, ..., atnd).

Equivalent recursive definition:
ar =a (firstterm), anv1=an+d (forn=1;2;3;...)
(i.e., d is the difference between any consecutive members of the sequence.)
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The n-th partial sum of an arithmetic sequence:

Let (an) be an arithmetic sequence with first term a and common
difference d. Then its n-th partial sum is:

n

s, =Zn:(a+(i —1Dd) =Za+id(i 1=
i=1 1 i=1

i=

nn—-1)
— =

n
na+dZ(i —1)|=na+d-
i=1

A

[2a+(n—1)d]=g[a+a+(n—1)dt|

(i-1)= |
2. — -

i=1 n
nn-—1) E[a +a]
2
See below 32

The sum of the first n natural numbers
Question: What is the sum of the first n natural numbers?

Answer:

Geometric proof forn =5

1121345

We see that we have a big rectangle with the its sides 5 and 5 + 1. The rectangle has
2(1+2+3+4+5)squaresinside.So 2(1+2+3+4+5) = 5(5+1)and

14243 +4+5 =260

2 http://www.9math.com/book/sum-first-n-natural-numbers
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Example: “Geometric sequence”

Definition: Let a, r 0 IR where r # 0. A geometric sequence has the
standard form

(a, ar, ar?, ar, ...).

r is called the common ratio of the sequence. (It is the ratio of any two
consecutive members of the sequence.)

Equivalent recursive definition:

ar = a (firstterm), ansi =an ¥ (forn=1;2;3; ...).

The direct n-th term formula for a geometric sequence: a, = ar"*

The n-th partial sum of a geometric sequence:
The n-th partial sum of the above geometric sequence is

1—7r"
S, =a+ar+--+ar™?! =a(—)
1—r

(n=1;2;3;... and r#1).

Proof: Assumer # 1.

Sp = a+grf+ ap¥ + -+ a2 + grt
rSy = ar'd ar? + -+ ar®“? + gl 4 qrt

— n
Sp—18, =a—ar

5. 0l—7) = a(l —=r™)

1—7r"
Sﬂ:a 1—?"
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Observe:
The n-th partial sums Sy of a sequence (ax) = (a1, az, as, ...)
form their own sequence (Sn):

(Sn) = (a1, arta, artaztas, ...).

Series

The sum of the terms of a sequence is called a series.

Given an infinite sequence of numbers { a,, }, a series is informally the result of
adding all those terms together: a; + a, + a5 + -

These can be written more compactly using the summation symbol }.The index
of summation, k takes consecutive integer values from the lower limit, 1 to the
upper limit, n. The term ay, is a general term.

Finite series Infinite series
n oo
Ay Ay
k=1 k=1

A finite series is a summation of a finite number of terms. An infinite series
has an infinite number of terms and an upper limit of infinity.

Convergence of infinite series

If the sequence {S,,} of partial sums converges to some real number L i.e. a
limit

lim S, =L

n—co
exists,
then the series is said to converge to L.

In this case we can write:

[ee]

Z a, = yltLTOS" =L

k=1

L is also called the sum of the series. In general, we say that an infinite series
has a sum if the partial sums form a sequence that has a real limit.
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If the limit of the sequence of partial sums exists and is finite,
then the series is called convergent.

If the limit of the sequence of partial sums does not exist or is plus or
minus infinity,

then the series is called divergent.

Convergent and divergent infinite series
Example: Geometric series
Definition: The expression

(s 8]
at+ar+ar?+ -+arktt 4 ... = Z ark-1

with 1" term a + common ratio r # 0 is called an infinite geometric series.

Theorem:

If 7| < 1, then the infinite geometric series a + ar + ar? + --- + ar**! + --- has a
finite sum for any constant a

Warning: If |r| = 1, then the é sum formula is false.

Proof idea: Recall the nt" partial sum
5 1—r" _a a-r"
L N T R T

Of course, as n — oo §,, — Series “sum”

Since here |r| < 1, experience suggests that as n — oo, |r|™ —= 0 hence that as

n—)OO,
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The geometric series diverges whenever r < —1orr = 1:

Example:r=1;a=1
Ek—uk=1—1+1—1+1m
k=0

diverges because its sequence of partial sums is
So =1
S$;=1-1=0
S,=1-1+1=1
S3=1-14+1-1=0

And the sequence {1,0,1,0, ... } diverges.

Infinite convergent series: Examples

Many so-called elementary functions can be defined by series.

The exponential function e* may be defined by the following power series:

X—ixk—1+ +x2+x3+x4+ €R
A B L B SV L
k=0
Cosine function
0 2k 2 44
= ) (1) =1-—4+—+-, x€R
COSX kZD( ) 20! T x
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Statistics: Cumulative Distributions of Probability, Discrete Variable

k
Pk = Zpl,k = 0,1,2,
=0

lim Pk =1
k—oo
P Py o
P el :
o7
08
(1
R
0

] 02
P1 00 Pl ‘;:T

a1 2 3 4 5 6 7T 8 3 WN R

k

01 2 3 4 5 & 7T 3 3 0N

k

lim Pk =1L

k—oo
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2. Limits of functions

(a, L)

| X—+a+ X v

Informal Definition:
If the values of f(x) can be made as close to L as we like by taking values of x

sufficiently close to a [but not equal to a] then we write

limf(x)=1L

X—=a
or f(x)»Lasx —a
Observe:

e "x — a" means x can approach a from either side

¢ On a sketch, the graph of f(x) approaches the 2-D plane location
[destination] called (a, L), but the graph itself may have no point (a, f(a))

occupying that location!

L may not be f(a)

Notation to describe this behaviour of f when the input x approaches the
x-value a:

lim f(x) =1L
X—d
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Example:

lim
x—0

X
m—J

Domain of f(x)

Vvx+1—1+0,x+0
x+1=20x=-1

{[xeRlx=—-1,x # 0}

Graph of f:
4_
2,5'/
[
2 1 ul} 1 2 3 4 5 B
Conjecture:

lim

i)

(The methods how to prove this will be introduced later.)
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General definition:

Let f(x) be a function and a a real number (that may be or may be not in the
domain of f). We say that the limit as x approaches a of f(x) is L, written

limf(x)=1
X—=a
if f(x) can be made arbitrarily close to L by choosing x sufficiently close to (but
not equal to) a.
If no such number exists, then we say that
lim,_,, f(x) does not exist .

Warning: Not all limits exist!

Example:
Il _(1ifx>o0
f(x)_?_{—1.r:fx<0
yl
16—
_?_1 x

e x — 0 from the left, f(x) - —1
e x — 0 from theright, f(x) - 1

So lim, ¢ f(x) has no meaning!

Two-Sided and One-Sided Limits

Notation

“x approaches a from the left”

x — a~ [minus in a superscript position] or x T a [comes upto a] or x 7 a

lim f(x) =L
X—a

“x approaches a from the right”
x — a* [plus in a superscript position] or x | a [comes down to a] or x \ a

lim f(x) =1L
x—)a"’
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Relationship between Two-Sided and One-Side Limits: Theorem

lim ., flx) =1L

two—sided
< [if and only if]:
e lim,_,- f(x) exists
e lim_, + f(x) exists

e and both equal L

Example:

i

1 f(a) does not exist
HPZanN

limyq- f(x) =1 =lim,_+ f(x)

Limits of some basic functions for x - a:

The constant function

lim(k) =k
X—d

The identity function: f(x)
lim(x) = a
X—=a

The reciprocal (“flip over”) function: f(x) = =

X

1
lim (—) = —00
x—=0" \X

_ 1
lim (—) = o0
x—=0t \x
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Limits of Sums, Differences, Products, Quotients and Roots
The “Rules” of Algebra for Limits

Let a be any real number and
lim f(x) =L,
X—=a
lim g(x) =L,
then
lim[f(x) + g(x)] = lim f(x) + limg(x) =L, + L,
x—a x—a x—=a
lim[f(x) —g(x)] = lim f(x) — lim g(x) = L; — L,
X—=a X—=a X—=a
lim[f(x)-g(x)] =limf(x)-limg(x) =1L, L,
x-a x—a x—a
lim|£ ()] = |tim £ ()| = |Ly
X—=a X—a

tim[kf ()] = k- lim f(x) = k- L,

lm(F(0" = [lm fGo] =12

lim f) _ alci—l}éf (x) :i
x—a [g(x) limg(x) L,
X—a

Provided L, = 0

lim 3/f (x) = "[lim f(x) = VL,
X—=a X—=a

Provided when n=eventhen L, = 0
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Limits of polynomial functions

Polynomial Expressions

A monomial (one-term polynomial) has the form n=0,1,2, 3,...
_______ not negative
- called the degree of the
— \ .
A real number constant called a \ el
“coefficient” X- a variable
Subscript n is a label

Two monomials with the same degree and the same variable are called “like terms”.
anx" and bpx" are “like terms”.

A polynomial in one variable has the standard form: [higher powers — lower
powers]

n n-—1
ﬂn.)(' —|—ﬂn_1x +“'—|—G1x+ﬂo

a,, # 0 leading coefficient

Limits of polynomials
Example limx.s (X*> — 4x + 3):

By the “Rules of Algebra” for Limits we can break down polynomials into
simpler parts

Example: M im £ (o) + 900 = lim £(0) + lim 9(x)

lim[£ ()] = [tim £ ()] m lim(x) = a
< —

v 2
lim[x? — 4x + 3)= lim [x?] — lim[4x] + lim[3] = (lim [x]) —4lim[x] +3 =
x—5 x—5 x—5 T x—5 x—-a x—a

lim[kf(x)] =k- }:li;[é f(x)

xX—a

=52 _4.5+3=8
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For any polynomial function

lim p(x) = apx™ + ap_1x" '+ + a1 x + ap = p(a)
X—a

This result is the same as the result of “substituting a for x” in the
polynomial.

Thus, the calculation of limits of polynomial functions is “easy”: Just
insert a for x.

Limits of Rational Functions % and the appearance of%

There are 3 cases to consider
Case 1: g(a) # 0 Limit =
Example:

lim
xX—=2

5x% + 4] p(x)
[x—3]&q@)

p(a)
lim[5x® +4] 5§.93 44
= X222 = = —44
lim[x — 3] 2—3
x—2 = .
q(a)=0

- this case is also “easy”, same as for polynomial functions.
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Case 2: p(a) #= 0 and q(a) = 0 Limit does not exist (division by 0!)

lim
x—=a

Classic Examples:

B 1
f(l’) = ;
1
lim [—] = —w
x—=0" | X
1
lim [—] = 4w
x—=0T |x
im (=] =
xl—I:oI; (x —a)? B
_ —1
il—l;lclx [(x — a)E] -

Ll

—

|

p(x)
x =
() =
q(x)
1
= —oo; lim [ ] = +om
x=at |lx —a

1
X)=— :
) =
Lo |
I|
i 1
| -2
/
ST
- | = _.-e-"/—i 1 1
i
+-z
—1
fix) = ey -
L
el B B t 3 3
T et
'\-.\- ./,—
) 1
lIII ] |III
| ]
|
-
I
7l
I
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Case 3: p(a) = 0 and gq(a) = 0 Limit % = % an indeterminate form: We cannot
determine whether the limit exists or not, without more work!

Example:

lim
x—2

x? — 4‘ «p(x)

x—2 |« q(x)] T 08 S WS e

Factor + cancel

N

[(x —2)(x +2)

lim
X2

oz | il 20 -

This is only one particularly technique! Does not work always!

A more general method to solve this case will be introduced later.

Until now, we have considered only the case that x approaches some
real number a. But often one is interested what happens with f(x) when x
gets smaller and smaller, or larger and larger.

We write X - oo for this case, and speak of “end behavior” of f.

The Algebra of Limits as x — +o: End Behavior
Basic Limits:

The constant function

lim (k) =k
X——00
and
lim(k) =k
X— 00
The identity function: f(x)
lim (x) = —o0
X—+—00

lim (x) = o

X—00
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The reciprocal (*flip over”) function: f(x) =i
1
lim (—) =0
X——00 X

1
lim (—) =0
X—=o0 X

Limits of Sums, Differences, Products, Quotients and Roots

The “Rules” of Algebra for Limits appliedto x - —o orx — o
We only state for x — o case

As before, suppose:
lim f(x) =1L,

lim g(x) =L,
X—0o
then
lim[f(x) + g(x)] = lim f(x) + lim g(x) =L, + L,
Y—sCO X—00 X—00
lim[f(x) —g(x)] = lim f(x) — lim g(x) =L, — L,
lim[f(x)-g(x)] = lim f(x) - lim g(x) =1L, L,
X—00 Xx—o0 X—00
lim |f(x)] = |lim f(x)| = |L{]
X— 0D X—00

lim [kf ()] = k- lim f(x) = k- L,

lim [F(0") = [1im £Go]” = 12
i |G ] = ] -0
f(x)] limf (x) ik

9| lmgl) L,

lim 1/ f(x) = “,11111 fx) =1Ly
X—00 X— 0D

Provided when n= eventhenL; =0

lim

X —00

Provided L, + 0

235



Limits of Polynomial Functions: Two End Behaviors
A polynomial function
f(x)=cp,x™+ ¢ x" 1+ +cyx + ¢
Where ¢,, # 0

The “two end behaviors” are that as x — o (the rightward end) or x - —oo (the
leftward end)

Then
¥) = o0 o
f0) ~ The two possibilities
f(x) — —w
Observe:
B Cn—1 €1 ‘o
f(x:) = Cnxn + Cn—lxn ! + X +Cp = xn Cn + X O +x”_1 +X_ﬂ
‘ gotoo J

So, the “end behavior” of f(x) matches the “end behavior” of ¢, x™

Theorem:

s n n—-1 — C n
lim [c,x" +c,_x" " +c;x+cp] = lim [c,x™]
x—+ x—+

Example:

lim [—4x8 + 17x% + 3x* + 2x — 50] = lim [-4x%] = —©
x——00

X——00

Limits of Rational Functions: Three Types of End Behavior

p(x) < top

fO) =100 < botton

Remember: The Degree of a polynomial is the exponent of the highest power of
x in the polynomial
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Type 1. Deg(top)=Deg(bottom)
leading coef ficient of top

li =
e f@&) leading coef ficient of bottom
Example:
f&) =7 s
1 [.c.of top
;}E&f(x} - 11111 [ 4] N Jl_l}c}: 24 A 7 Lc.of bottom
S

( Deg = degree)

Type 2. Deg(top)<Deg(bottom)
lim f(x) =0

Example:
5x + 2
x =
@) 2x% -1
5 2
_ . [5x+2 =Tz
Jim £00 = him 5= ] = tim [ = 0
xg
Always zero

y = 0 the (x-axis) is a horizontal asymptote

237



Type 3. Deg(top)>Deg(bottom)
If leading coefficient of top > 0

7 l,f o m} Always one of these
—oo {f x> —o0

If leading coefficient of top < 0

o0 f_f ¥ = —o0

} Always one of these

—0 if X — o0

Example:
x2+4x+5
o) =——
x2+4x+5 1+2+2
lim f(x) = lim |————| = lim |45 | =
x—oo r—00 —1 x—00 i i
x x2

Limits of In(x)

1 / 1 3 i :

lim [Inx] = o

X—oo

note, that lim.._,_, {nx makes no sense

lim [Inx] = —
x—-0t
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Limits of e*

£

ey

lim[e*] = o

X—00

lim [e*] =0

xX——co

lim[e™*] =0

X—00

lim [e ] =
X——0C0

Limits of arctanx and arccotx

-
arceot(x) .

arctan|r)

T
lim arctanx = 7

x—0

] T

lim arctany =—=
r——co 2

lim arccotx =0

lim arccotx =
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