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Sequences: task #1

Task description

Prove the following implication

- 1
1—2 _
S x,=1—
xn>1_xn—1+2_n
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Solution:
All we need to do is to convert the recursive formula into the closed-form and to check if it coincides with the RHS
1 1 1 1 1
Xn = Xp— 1+2n x(n_1)_1+2n—1 2"’ = Xp- 2+2 +ﬁ—
1 1 1 1 1 1
X(n-2)-1 + 2n-2 + 2n-1 + Z_n = Xp-3t 2n-2 + on-1 + Z_n -
1 1 1 1 1 1 1 1
X(n-3)-1 + 2n-3 + n-2 + n-1 + Z_n = Xp_s4t 2n-3 + n-2 + 2n-1 + ﬁ -

1 1 1 1 1
Xn-(n-1) + 2n—(n-1)+1 Tt 2n-3 + 2n-2 + 2n-1 + ﬁ =
1 1 1 1 1
Xt gttt toag tan =
1 1 1 1 1 1 1 1 1 1 1 1
E+§+m+2n—3 +2n—2 +2n—1+ﬁ:§+?+m+2n—3 +2n 2 2n- 1+2n =
1\" 1
1 - common, ;," 1 1-— (7) 1 1-55 1
firstiorm - — . 2" 4
1-common,q;, 2' 4 _% 2 % 2n

Sum of the first n terms of a geometric series
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Sequences - limits: task #2

Task description

Check if:

(=3

n
) — 0asn —
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Solution:
Plotting target functions and observing their behaviour visually can never go wrong

N=250 g6 ®

40 45

n = 50 element list °
As the plot shows, our function mercilessly © tends

to 0 as n increases [check out the scale on the Y-axis — we are literally in the micro-neighbourhood of 0, starting already from the 30" term of our sequence].

So, we do get a very strong feeling that the required check has to succeed!

Of course, just by graphing functions, you ain’t proving anything in terms of rigid mathematics — so, we really have to proceed with the proof ©:
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As we already know, all we wanna do is to solve the following inequality for n:
2 n
——=| —0|<e
‘( 3)
Let’s simplify it a lil bit:
2\" 2\" 2\"
—-—=] —0|l<es= (——) <£<=><—) <&
‘( 3) 3 3
So, we’ve reduced out task to:
Z n
- <&
<3>
As soon as n is an exponent here, solving for it requires the usage of logarithms — let’s take, e.g., a natural one, In:
2\" 2\"
-] <ges=lin <—> < In(g)
) 3
Using some basic properties of logarithmic functions, we end up with:
2\" 2
In(=) <ln(e) en-In(=) < In(e)
3 3
Observe that In (g) < 0 —this yields: | For those who might wanna take a glimpse into the basics of solving inequalities: https://www.mathsisfun.com/algebra/inequality-solving.html
In(e)
> —_—
in(3)
3

In(e) _ In(1079)

() ()

Example: let’s say, for e = 10 ¢ we getn > ~ 34.1 - so, starting from its 35" term, our sequence gets at least 10°-close to 0.
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Infinite Series: tASK #3

Task description

Compute the following series:
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Solution:
First of all, notice that:
2 2 2 (k+1)—(k—1)_ (k+1) (k—1) B 1 1

K2—-1 k2—12 (k-1 (k+1) (k-1 -(k+1) (k—-1)-(k+1) *k-1 -(k+1) k-1 k+1

This turns our target series into an easy-to-compute telescopic series:

z<k11 ki1>=,}i_>“30n<k11 k+1)_,}‘_>“30<i< ) i(k+1>)

k2—1
= k=2 k=2 k=2
n n-2
ERER EED S Rt
nve\2 -1 3-1 k—1 k+1) m-D+1 n+1)
k=4 k=2
n-—-2 n-—2
T ( L ) ( 1 > 1 1 3\
e\ 172 (k—1)+2 Z k+1)/ n n+1)
k=4-2 k=2
n-2 n-2
NEEIN 1 o1
nl—{‘c}o I E ; +1) 4 +1> n n+1/
L1 1 1 11 1 1y 11 03
n5?O<1 2 n n+1) 172 nLoo(n n+1)_1 2 " 72

. 1 1
Homework: check if lim (— + —) =0
n n+1

n—oo
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Infinite Series: tASK #4
Task description
Check whether the following series converge or diverge:
e C * 3k
z k+1 z 4k + 4
=1 S k=1
(0.0) D (00
2 k k+2
k k? + 3
k=1 k=1

Hint: don’t forget to take a look at the Cheat Sheet family on Convergence
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What you need to know:
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Solution:

A

Let’s pick the Divergence Test:
So, the thing to check is if the following holds:

k
lim —=+#0
kl—>nc}ok+1¢

Check it:

That’s your homework, folks ©

Expected test outcome is: affirmative (i.e. series diverge)

B

Let’s pick the Geometric Series Test and the Direct Comparison Test (their Conditions of Convergence), because:

We could easily notice that:
3k 3k 3k
4k + 4 "4k 4

Another thing to notice is that:

The rest here is also your homework ©

Expected test outcomes are: affirmative (i.e. series converge)
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C

Let’s pick the Ratio Test (its Condition on Convergence):
So, the thing to check is whether the following holds:

k+1

li 2k+1 <1

el I
2k

Check it: B
That’s your homework ©
Expected test outcome is: affirmative (i.e. series converge)
D

Let’s pick the p-Series Test and the Limit Comparison Test (its Condition on Divergence) and:

Get the things done © (homework)

Expected test outcome is: affirmative (i.e. series diverge)
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Homework Assignments:
are exam-relevant, and if completed & submitted/shown prior to the next week class sessions , could bring bonus points for the exam

Task #1: Sequences/Series

By using either sequences or series, show that:
> =0.333333 -

Task #2: Sequences

Check what happens with the following sequence of squares:
x, = n?

Task #3: Series

Compute the total shaded area after n steps of the following procedure:

Remark: all triangles are equilateral; the area of the first one is 1
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Cheat Sheet of the Day @: Convergence Tests

1 2 3
Divergence or nth Term Test Geometric Series Test p - Series Test
Series: Y. an Series: Yo, ar” Series' T, L
Condition(s) of Convergence: Condition of Convergence: . .
1 q ¥
Mone. This test cannot be used to vl =1 Condition of Cunvgrlence
show convergence. v
@ iy BT @ . - X
Condition(s) of Divergence: S S=lm=~ =1~ | Condion of Divergence: D“’; gence:
i +0 =
o Condition of Divergence:
[r] =1
4 5 6
Alternating Series Test Integral Test Ratio Test

Series: Loy (1" a, Series: Ii.. ax
Condition of Convergence:
0<a,., =a,

lim i, =0
orif¥= . |a,| is convergent

Condition of Convergence:

lim |2 < 1
m=z= | gy

Condition of Divergence:;

fim |2 > 1
s ﬂn

Condition of Divergence:
None. This test cannot be used
to show divergence.

* Test inconclusive it

* H . 2 3 a’n-l —-
Remainder. |Ry| < an. * Remainder: 0 < R, = [~ f(x)dx Jim |? =1
7 8 9
Root Test Direct Comparison Test Limit Comparison Test
) (@n. by > 0) ({ax} (B} > 0)
Series: FI., on
Series: ¥, ap Series: ¥, a,
Condition of Convergence:
lim e, [ <1 Condition of Convergence: Condition of Convergence:
T dth:bE:!ﬂbb':)ltW ]im?:f.:aﬂ
i . . and ¥=_, b, is absolute n—w by
Condition af_Dw:lar-::ence. convergent and ¥, b, CONverges
lim 3f|a,| =1
Condition of Divergence: Condition of Divergence:
* Test inconclusive if UE: b, = a. hm%:z:u
lim % =1 and ¥ b, diverges n—=
Jim 3| ¢ and T=_, b, diverges
10 NOTE: These tests prove
Telescoping Series Test NOTE: convergence and divergence, not
1) May need to reformat with partial | the actual limit L or sum 8.
Series: Foa: (@pe1 —ay) fraction expansion or log rules.
2) Expand first 5 terms. n=1234,5. | Sequence: lim a, =L
Condition of Convergence: 3) Cancel duplicates. - S S|
lima, =L 4) Determine limit L by taking the T
= limit as n — oo, Series: ¥=,a,=5§
Condition of Divergence; None 5)5um: 5 =a, —L (Or + Gpey + Bz +00)
Copvright © 2011-2016 bv Harold Toomey. WvzAnt Tutor 1
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Cheat Sheet #2: Decision Tree for choosing a proper Convergence Test

the individual No

terms approach 0? Series Diverges by

the Divergence Test

Use Ratio Test

Does
the series
alternate
signs?

Yes

(Ratio of Consecutive

factorials or
- Terms)

ponentials?

No
Use Alternating
easy to integrate? Series Test
(Do absolute value of
terms go to 07?)
Yes Use Comparison Test
involve fractions with or Limit Comp. Test
powers of n? {Look at dominating
terms)
No
Copyright 20*!-2016 by Harold Toomey, WyzAnt Tutor 2
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