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Sequences: task #1

Task description

Write and plot the first 5 terms of the sequence {x, },,en given by:

2
Xn = (_1)11—1 E
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2

= (—1 1-1,

x; = (—=1) 21
=(—1 2=1.,_ —
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= (-1 3—1, _
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Sequences: task #2

Task description

Find a formula for x,, (n € N) in each of the following cases:
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Solution:
1 111 R 1111 PR 1
_— — — eee — —’—’— e e x e —
'2°3’4’ 1'2'3'4° " n
Xp<3 = 2
:12,2,20000,0, = 2,2,2,0,0,0,0,0,-- =
2 3 5 xn>3 - 1
4 — +
9 1,-1,1,-1,-- |=|-D(-1D° (D% (1)’ & X, = (—1)"
137 15 (:)11111111 - 1
2’28 16" B T It T = 15w
X1 = 1= X2
1,12, 358 13,::- || 111+11+a+D,A+D+(1+A+ D)~ | &S
Xn>2 = Xn-2 +xn—1
Side remark to the sequence E:
Anna-Saray’s approach [closed-form formula]:
13715 2'-122-12%-12%-1 2"-1
22816 T 21 T2z 23 Tt T T o
Finn’s approach [recursive formula]:
1
13715 13 1-241 _1-2 1 1 17 3-2+1 3 115 7-2+1 7 1 X1=3
22816 T2aT 22 22722 2228 4.2 4216 8.2 8 207 1

P.S.:

You both did a nice job, guys — either approach goes like clockwork
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Finite Series: taSK #3

Task description

Evaluate the following two sums:

A
3 2 2
2.\ 2,
i=1 \ j=1

Giv_en the measurements of y;;:

i\’1 2 3 4 5

111 2 1 3 6

213 5 3 1 5

3 /4 3 2 5 1

4 6 8 2 3 2

B
4 5
> DG+
k=2 j=1
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Solution:
A

= (Y11 + ¥12)* + 21 + ¥22)* + (V31 + ¥32)°
=(14+2)2+ (3 +5)%+ (4 + 3)?
=94+64+49 =122

[ \®]

w
aDWON -

—,

O | W 2 -
0 W O NN
N N WO =~ W
w g = W s
N = 01 O O
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B
Basic approach:

4

ii("“‘):i i(l”rk) =2((1""‘)+(2+k)+(3+k)+(4+k)+(5+k))=

k=2 j=1 k=2 \j=1 k=2

Dtk+2+k+3+k+atk+5+k) =) (1+2+3+4+5+ktk+k+k+k) =

k=2
4
= 2(15 +5-k) =
k=2
4 4

215+25-k=15-21+5-zk=15-(4—2+1)+5-(2+3+4)=15-3+5-9:90
k=2 k=2 k=2 k=2

Alternative approach:

4 5

Zs:(i+k)=iii+iik=iii+iik=i(l+2+3+4+5)+2 21

=2 j=1 k=2 j=1 k=2 j=1 k=2 j=1

k

5
<k 21 — 15 (4 — 2+1)+2(k 1+1+1+1+1)
k-

J=1

5=45+5- Zk 45+5-(2+3+4)=45+5-9=90
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Finite Series: taSK #4
Task description
Prove that the following holds (i.e. for any natural n):
n

(2-k—1) =n?
k=1
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Solution:
The proof is by induction on n:

First Step [ Base]

We check whether the statement is true for the initial value of n:

The left-hand side [ LHS]:
n 1

z(z-k—l)=z(2-k—1)=2-1—1:1

k=1 k=1
The right-hand side [ RHS]:

n?=1%=1

As soon as LHS = RHS (1 = 1), we are done — let’s go ahead and push it forward ©

Second Step [ Inductive]

We assume the statement is true for n — 1 and check whether it is true for n:
(to put in better words, we check if we can climb the ladder for n higher than before)

Assuming the truth for n — 1 means the following holds true:
n-1

Z(Zk D=2 1-1D+22-D+@23-1D+-+2 - n—-1)—1) =

1+3+5+ +2n-21-1)=1+3+5++2 n—-3)=(n—1)>

Then, for one step further, that means for n, we have:

Z(Zk 1)—2(2k 1)+z(2k D=m-12+2n-1=n*-2-n+1+2-n-1=n> __

‘ Questions? — Email me at jeos@mail.com ‘ Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam

page 28 of 47


mailto:jeos@mail.com

Computer Science and Mathematics Georg-August-Universitat Gottingen
SoSe 20

Calculus #1 ‘ Sequences, Series, Infinity

‘ Questions? — Email me at jeos@mail.com ‘ Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam

page 29 of 47


mailto:jeos@mail.com

Computer Science and Mathematics Georg-August-Universitat Gottingen

Calculus #1 ‘ Sequences, Series, Infinity SoSe 20
TA SK #1 TA SK #2 TA SK #3
InFinite Series: tASK #5
Task description
Compute the following sum | Grandi’s series]:

1-1+1-1+1—-1--
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Solution:
Firstly, let’s try to find a formula for the sequence of summands and then use our summation symbol for shortening the visual length of our series:

Ohmy dayz, what should I put here...©
1-1+1-14=(D*+ (D + (-D* + (-5 + - = > (~1)k+1
k=1
Alright, let’s just do it as it is:
1-1+1-1++1-1+-=1-D+A-D+A-1D+-+=0+0+0+--=0

Hold on... But what if:
1-14+41-1+1-1+--=1+C-1+D+(-1+D+(-1+1D)+--=140+0+--=1

And what if:
1-1+41-1+1-1+-=-1+1-141-14--=-14+1-1D+A-1D+-=-14+04+0+--=—1
Things ain’t goin’ that well..., right? ©
Well, the reason is, we need to treat those dots - in the way that won’t mess things up ©

We could talk centuries on which treatment to introduce (in fact, some math fans like Newton, Cesaro, Ramanujan etc. did it for us, centuries ago ©)

So, to cut things short:
(o) n n
1-1+1-1+--= Z:(—l)k+1 = limit of Z:(—l)k+1 when n gets larger and larger = lim Z(—l)k“
n—oo
k=1 k=1 k=1

Observe all the outcome possibilities for infinite sums ( series):

have such a limit (-~ are convergent) get larger and larger (- are 0O-divergent) don’t have a limit (- are divergent)

‘ Questions? — Email me at jeos@mail.com ‘ Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam |
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So, what about our series? — Let’s observe the behaviour of its partial sums:
n 1
n=1 Z(_l)k+1 — Z(_l)k+1 — (_1)1+1 — (_1)2 =1
k=1 k=1
n 2
n=2 2(—1)’”1 - Z(—1)"+1 — (—DM 4 (1) = (124 (1) =14 (-1)=1-1=0
k=1 k=1
n 3
n=3 z(—1)k+1 — Z(—1)k+1 (DM 4 (—D)P 4 (13 = ()2 4+ (1P 4+ (—1)P=1-14+1=1
k=1 k=1

Well, the partial sums give us the following sequence of alternating binaries: 1, 0, 1, 0, 1, 0,

Question: Does this sequence have some limit value?

Answer: Apparently, not! This sequence just oscillates between 1 and 0, never tending to any limit value at all.

Sounds good ©, but we ain’t done yet © - just one more thing and we’ll settle the bill:

One approach [complete the proof as a homework]:

Z(—l)"“ =D A+ DM H EDP A (CDPD =1+ CDP H CDP 4 (D =
k=1

n-2
1= 14 (CD2 4 (CDP = 0 (—D2 o (CD = (D e (CDP = ) (DR
k=1

One more approach [use induction on i and complete the proof as a homework]:

Y s 2 LECD
k=1

2
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Sequence - limits: task #6

Task description

Check if lim (Vn+1—+vn) =0

n—oo
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What you need to know:
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Solution:

Firstly, observe that we are given the sequence {xn}neN defined by the formula X, = V1 + 1 — +/T that allows us to compute each of its terms and also
to know its order in the sequence.

So, we are perfectly clear with the task and could start solving it:

1imxn=rllir£10(\/n+1—\/ﬁ)=0

n—oo

Intuitive ( ) definition of a limit:

If this statement is true, Vn + 1 — v/n should get closer and closer to 0 as n increases —
starting from some n

Vn+1—-+Vn gets closer to 0 means that their difference (\/n +1-— \/ﬁ) — 0 should get smaller and smaller.

(Vn +1- \/1—1) — 0 gets smaller means its absolute value should get closer to 0
—so, if we take some arbitrarily small positive number and call it &, then all we say is: |\/n +1—-—Vn- O| <é¢€

Let’s translate our starting thoughts on limits into mathematical formalism and we are done:

lim x,, = some number means |x,, — some number| < ¢ foranye > 0once n >n(s) > 0

n—-oo

Now, we are set to proceed with the solution:
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In fact, it is clear even without precise computations that as 1 goes big, there is no real difference between vn + 1 and Vn -
so, the common sense tells us that the statement is true, — but let’s develop the systematic approach that helps us to solve
any task of this sort:

lim x,, = some number < lim(¥n+1—-+vn)=0

n—>oo n—-oo

So, our key statement to prove is:
x, — some number| < ¢ & |(VR+1-vn)—0| <&
Observe that:
|(Vn+1-vn)-0|=|Vn+1-vn-0|=|Vn+1-vn|=Vn+1-+n

So, our key statement reduces to:

Vn+1-+Vn<e
We obviously need some “algebraic” trick to solve this for n - the first that comes to mind is:
x% —y?
x—y)- (x+y)=x*—-y?=>x—-y=——"
(x—y)-(x+y) y Y=y
Applying this identity to our boy © vyields:
2 2
Vn+1 —+n n+1-n 1

V1=

Jntiltvn Vniltyn vnii+vn -

Things got kinda better, but not quite that much © - so, some smarter trick is needed... what about getting a leaner denominator:

1 1
<
Vvn+1++vn +n
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As soon as:
! < ! <
— &= &
Vn Vn+1++n
We’ve managed to simplify our task even further:
1
—< &
Vn
Well, this dude gets easily solved:
1 1 ’ 2 1 2 2 1 2 2 2 2 2 1 2 1 1 1
—<£<:><—) <gfFo-—<egon —<nfon<n-feol<negel s<ne soZ<n1en>5 =n(e
Vn Vn n n £ € £ €
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Homework Assignments:

are exam-relevant, and if completed & submitted/shown prior to the next week class sessions , could bring bonus points for the exam

| Questions? — Email me at jeos@mail.com | Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam
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Leaderboard: bonus points per capita ©,

‘ Questions? — Email me at jeos@mail.com ‘ Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam
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Cheat Sheet of the Day ©:

| Questions? — Email me at jeos@mail.com | Found errors or have improvement suggestions? — Email me and you might get some bonus points for the exam
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