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Task 1 (Linear algebra: vectors)

- 3 .
Three vectors in IR” are given:

(1) 6) —16"
d=| =Xl b=|d], =] ©
2 1 —-10

(a) Calculate the vector 2.G+b.
(b) Calculate the inner product a- b .

(c) What is the angle between a and b ?

(d) Are the three vectors a, b, ¢ linearly independent? Prove your answer.

(e) Give a geometrical description of the shape of the set of points in space described by

[feR'Ic-3=0)

("-" denotes the inner product of vectors.)

(2cr.)

(1cr.)

(lcr.)

(2 cr.)

(1 cr:)



(a) 23+F = [z:?’;LﬁﬁJ {3} (b) &-F = 1¢+0)4+21 = ¢

-7

- = a - [
(¢ X(d,b) = accos SIEN - arceos O = J0 (ar%' ,;nra.!:a..;)

(d) Solubon witt, He dedecicimant :

1 { -1
-2 4 o J = AY.(-10) +0 + (<1)1-(-16) = 2-4.(-4¢) ~O - (-10)¢-2) ¢
L 1 -1
= 0 = +the column veetors a, I.',E' are i’iﬂ.&,ﬂmﬂ'-hf .
s

or Solve Ha sysiew M_,.‘.q’-ﬂn?_-fih,-? =0  and shew Hhat it has
more Hhin He Prvial solulon g =0, g 20, 320
or f\ni fuch 2 FoluHe 17 Pral -aml-nmrre;,.,

f+u)-H’;] *HU'H] *“‘*E‘ﬁ] :[EJ

(e) X fulfits Z-X 20 if amdoaly if % is orthosomal foHu 5ive.
vecker E' = o st ﬂf fd‘in‘k is the rfﬂn{ "'Lﬂfmﬁp O wheel
is orthosgmal o Ea

E,



Task 2 (Linear dgebra: 2 x 2 matrices and linear mappings)

. (0 2y, |
The matrix A=| l is given.
(2 0

(a) What is the rank of A 7 Give a reason for your answer. (1 cr.)
R (1) 1) 1) (1)

(b) Calculate A-[ l and A-| l Draw the vectors | ‘ [ ‘ A ‘ ] and A-| ‘
\2) =1, 12) -1 | 2 (=1

in a cartesian coordinate system. (4cr.)

(c) The linear mapping associated withAis f: ¥ — A-Xx .
Describe (in words) how an arbitrary vector X is transformed geometrically by f.

(ler)
(d) Calculate the matrix A°, (1cr.)
(e) Calculate detA. (1cr.)
(f) Determine the matrix A~ (if it exists). (2cr.)
(g) Determine the eigenvalues of A. (3cr.)

(a) rauk(A) =2 , becanse [i’,] and f;} zee [ineacy E-Ja.f&-.,l._q; or: because }:H: -y
e 1 - to.

() (33)-(2)=(2), (251 (3)=(F] . (5w bpure)

{C} 'F Wirrors 'El.-’c_nf vector af $he fn’nﬁ"!lf J;‘I’ouaf Znd oo JOHL&; Hs ‘u"ﬂ‘

W A= [38)[76) = [57)

(e) MA=,::’=O-—‘{ -

(6) A= (3]

(9) det(A-3E) = |7 5] = A~y =(2-0)0w) Lo & A=<, A= 42

1



task 2 (b),
graphical
part:
ke
[ O I- j{] X

Task 3 (Linear algebra: larger matrices and linear systems)

2 1 3
Thematrix A={1 1 2| isgiven.
4 2 6
2 0
(a) Calculatetheproduct Al 0 1 (2 cr)
-10
1
(b) Ax= bwith b=|0 isasystem of m=3 linear equationsfor n=3 unknowns.
2

How many unknowns can be chosen arbitrarily? (Give areason for your answer.) (3 cr.)

WG [
(h) A

2131

{1y 2]o0 D

wzéje

(relo N,

21 3! D')"'

y v 6t

11 {0

O""!' -2

o«Z-Z_?_,D

'(2'0 A-— gLA -—2‘<3[=Y\Lo{'hn‘.v\ )
o-l -} = ransh A = rank foq = : owns
0 00 |9

= the lnear 5,’;‘4'\ has infia ity many soluRons
(accodbimg o Frabeunius’ fuoww.)’
n-2 = 1 unlemown Can be cleose~ 1rH'f~an‘I),



Task 4 (Computer science: programming) (5cr.)

The following Java method £ gets an integer array x and a single integer a as its
arguments:

public int f£(int x[], int a)
{
int 1 = 0;
boolean b = true;
while (b && (i < x.length))

{

if (x[i] == a)
b = false;

else
i= i+1;

}

if (b)
{

println("Error!");
return -1;

}
else
return i;

}

What does it give back as its result?

( 90¢s throwgl, Ha posihons of array X starkay with 0

As seen ns Hee Cprﬂ},unal.'n) .:szrc’ of X (xf:‘]) ’5 gual a
b gets the value “false” gud Hu while-losp strps .

(05 them yebernd | e, Yhe resuld is Hha posiRew of the first
enfry equal fo a in HArray x,

1f no @’ is foand in x , b ramains true, and the value -1
is refuraed |



Task 5 (Computer science: representation of numbers)

(a) What is the binary representation of the decimal number 63 7

(1cr.)
(b) What is the decimal representation of the hexadecimal number 2AS ? (1cr.)
(c) Give the 8-bit two's complement of the decimal number —84. (2cr.)

(d) What 1s the exact value of the fraction which is represented in the ternary system (= base 3)
by 0.2222222... (with infinitely many 2s after the dot) ?

(I cr.)
(a) 631, = JLLd (r,
(6) 2AS, = L1 +to-Ac +5-1 = {37,
(c) 84, = oloiotoo, (§Lik)
- lojelot]
+ o
..-—-""'-.—-
GTo1100 = -84 2 (olelloo
3x = 2.220...; T 24X 2 Ix-x =2
= Zx =2
= X =4
Task 6 (Computer science: rule-based simulation)
(a) Given isthe L-system
L1: A - [RU45) FO]FOA.
Which string is produced after 3 steps of application of thisrule to the start word A ?
Draw the graphical structure in the plane which is obtained from this string by turtle
interpretation. (2 cr.)
(b) Now thisis modified to the L-system
L2: A - [RU(45) FOA] FOA.
Draw the corresponding graphical structure after 3 stepsin this case. (2 cr)
(c) How does the number of single lines (obtained from an "FO" symbol) grow
(quantitatively) with the number of steps for L1, how for L2 ? (2 cr)



(a) A —> [ RUCss) Fo ] Fo A

— [ RU&) Fo] Fo [ Rulus) Fo) o A
— [ Rutus) Fo ] Fo [ Rutks) Fo) Fo (Ru(US) FO] FO A = result aphe

! 3 shps
g/‘a.pt:,ical(\-’ :

,I/
l/

() |/Q

VAR
() i L1 lmearly |, (2. exponentially
(or: i L1 2n, in L2: Z”M‘z- , if n irthe muw by of skp.s_)
Task 7 (Caculus: univariate functions, differentiation) (10 cr.)

) i . i : , ‘ 1 5
Given is the following function:  f(x)= ;.\'3 —4x*+7x-5.

(a) Find all x values where the function f has local extrema and classify them as minima
Or maxima.

(b) Find where the function is increasing / decreasing, and all x values of inflection points.

f(x)=x%>—-8x+7

x2—8x+7=0

—

8+Ve4—4-1-7 8++36
Y12 = 2 T2

f'(x)=2x—8

x1=1f"(x)=2-1-8=—-6 < 0—maximum

X =7;f"(x3) =2-7—-8=6>0—minimum

(continued next page)



ffl)=x-7k-1)
—cw<x<1:f(x)>0: increasing
1<x<7: f(x)< 0:decreasing

x > 7:f (x) > 0increasing

f(x)=0 2x—8=0 x=4 f"x)=2#0

x = 4: inflection point

Task 8 (Calculus: integration) (10 cr.)

Compute the total area between the function f(x)= 6x” +6x—12, the x axis
and the lines x; =0 and x, =2.

The roots of the function:

6x2+6x—12=0

 —6+V36+4-6-12 —6+324
2= 12 T 1z

X1 = _Z;Xz =1

fx)=6x’+6x—12=6(x+2)(x—1)
x < —2: function positive
—2 < x < 1: function negative

x > 1: function positive

Area =

1
j (6x? + 6x — 12) dx
0

2
+f (6x? + 6x — 12)dx =
1

= |[2x3 + 3x% — 12x]§| + [2x3 + 3x? — 12x]} =

=2+3—-12|+(@2-2°+3-22-2-12)—(2+3-12)=7+4—(-7)



