Computer Science and Mathematics: additional exercises

AJJIHa“l eXRycises — Sa(«.«-‘—:ms

Task 1 (sb)

(a) B =1{1,3; 5;,%;9}

(b) AUB = {41,2,3.5,3% 5%

() AnB = {13}

() P(A) = {B; 54 023, 135, s, £:3), 4233 [1,2,33
(e) AXC = { (10); (41); 0); C;;1); (3:0); (3;1) }

1]

{-D (xcxC = { (0;0;0),' (0;0;1) ; (0;'1-,0); /”"7)4’5("i"/“’);ﬂ;o;’):(";4;09;/4;4,4)}

Taske 2

(a) (flc exbu F-‘)ure) . N
f(E)=¢,, @)=& , {(¥)=b

(v [245]
() [2 9] = E (unit mabix)

(d) Applying +as mirvor {ﬂus{erwakm twice has o saime effect
as Jo;n_g Mo'“«—"n.’ (: ‘Mh‘) He unit Mab\'x)

yn




Task 3

(a) Ap =

Bon = (2], 8=cs:[1), B+ coa -[4]

(b) N ABI = /3% c-0%ot = V1B (= 3.60¢)
I BN = \/o"M £ -0 = V7 (2 1.414)
| A I = V 324’ = yn (= 3.312)
¢) A-E, =) AB - AC. _ 3.3 4 (-2) (1) 40 () M
() cos $(AB. hc) 1780142 0) Vas -var i3 ve i3
(7 0.920)

(d) aves (friamle) =

-42 ares (paralldlogran.)
3@kl = 3 [2)[3)]
= "z" Jﬁ'])/ T %Mm = gﬁz— @2.3‘0’)
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Task 5
/\77&#\)( o( Hee }75@. .
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;nf ﬂnL(A) = vank (A“‘) =3
< ”L-°f' unhnouns :L/
4
th Syshm has h\F-‘n'.k(? many
solulions
(according J5 Frabenius’ Fhooren )
Taste €

(a) 1 11 X4 Loo Xa + X3 4 x4 2doo N)
o (3158 - Sinin T g
o1 0 Xy 4 x3 = Jo (3)

(b) €. = ¥3=30-%
Ls 1) = X,t%Xg +(30-%) = 200

L) = No+lx, +3(0-x,) =320 => -
=2 'xz = ‘40

=) X4 = 410
%y = 320 ~120 20 = —Uo

=2 ¥, = Jo-Yo =lUo

(¢) T Sgs e has a Single soluleon = rank(A) =h =3 = detfA) 40



Task 7

Given are the functions:

1s
fx)=s5x*——x*-30x + 50
2

x)=12 L
=2--x
g 4

Rix)=1 — zx*

(@) Determine the limits values

lig SO0 _ 53 —7.5x3 - 30x + 50
=g 2 —0.25x3

Deg(top)=Deg(bottom):

leading coefficientoftop _ 5

leading coef ficient of bottom  0.25 =-20

lim fi0) =

. foo  sx®—7.5x7 —3nx+5n_@_

I o= 20251 7 =2

lig JOO _ 5%% —7.5%* - 30x + 50

Y To 2 —0.25x°
fF@2=5:8-75-4—30+2+50 =40 —30— 60+ 50 = o0
g2)=2—-025-8=2—-2=0

Im —f{x]l 0
¥=24(X) has the form o — L’'Hopital Rule

i foxy sxd-7.5x*-30x + 5o 1s5x3 - 151::-3[1_1_{1|
=3 g(X) 2 —0.25x3  2—07s5xs -1




(b)Determine the positions of the local extrema of f : where does this
function reach a minimum, where a maximum?

1s
(x)=s5x*-—x%*-30x + 50
2

f(x) = 1sx*-15x - 30
Critical points:
1sx*-15x -30 =0

154 [15°-4-15-(=30) 15445

1.2 = ~7.1s =30
X, =—2;Xz=1
" =30x-1s

X, =—2; f"(=2)=30-(-2) =15 =75 <0 - local maximum

x, = 1; f”(l) =30-1—-15=15<0 - local minimum

(c) Draw the function h : flipped parabola, with top point at (0; 1).
- Prove that h is not injective.

"h injective” would mean: foralla, b: a#b = h(a) # h(b).

But we have (e.g.): h(-1)=1-2[(-1)? = -1 = 1-2[12 =h().

So h cannot be injective.

(d) Calculate *(9®) Simplify the term as far as possible

n(geo)=1—2(2 —%x’)‘ =1 —2(4 —x=+ﬁxﬁ}=

1
_ 3 _ " 16
7 +2x =X



Task 8. Extremal points of functions of two variables

Given is the function
fx,y)=4x*y +2xy -3y*+53

(a)Calculate the following partial derivatives:

fx =8xy +2y
fy = 4x* + 2x — 6y

fex = 8V
fry=8x+2

fyy=—6

(b)Calculate all critical points (x.¥) of f (i.e., all points where fx and
fv are both 0)

8xy + 2y =0
[+x= +2x-6y =20

2vax+13=0 — ;p='[];9r:=—‘lP

yv=0 x=0 orx =--
' 1 1
x=—— o= - —

-1-Jr 24

(c) Indicate for each critical point if it is a saddle point or a local extremal
point of f , and in the latter case, if it is a maximum or a minimum

fex ﬁu:y 8y 8x +2
H{f}z(f},x fw)z(ax—i—z -6 )

y=0; x=0
D = frx(Xo. Vo) fyy (Xa- Vo) = Fry{Xo- Vo) fya(Xe. Vo) =
0-(-6)-2:2=—4 <0 -~ saddlepoint

! 0
x——z:y—

D= fx:x'{xn:yn} ' f}?}?{xn-}rn] = fxy(xn-yn} ' f}?x{xn:yn} =
0.-(-6)-(-2)-(—2) = —4 < 0 -~ saddle point
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D= fxx{xn:}’n} ) f}i’}?{xn-}’n} - fx}r(xn-}’n} ) f}i’x{xn'}’n} =
3(—&)-{—5}— (3(—%)—% z)= =2>0

frx(Xe. Vo) = —% < 0 = local maximum

Task 9 Integration

Calculate the values of the following integrals:

(@)
. gzl

|u(x= —x0dx = xe-1x
=0

1 p—
3 >%%|g *16—54—{]—2

(b)

~TT
| sinxdx = —cc:as:ch'nI = —CoST —(-cosoy=1+1=2
]



Task 10

(d) ABc)D (b) Lac of e n (eHers Can occur
ABDC in tha -Pr:‘ Posihon .
gg f)g The oHow (n-1) [aHers can occur
AD BC in POr-1) prrmsutahions on Ho rest
ADCB of Hew pesiFons.
'E 2;2 Togstw , Hanare N Pln-1) possibilities

BCAD f> r)armk all s Lebes .

ggﬁ? = P(n) = n- Pln-4).

BDCA
cABD (From s, # Gllows: PCa) = n! )
caDB
CbAD
cBPA
cDAB
cpBA
pABC
DAcCH
DBAC
DBCA
DCAD
DCBA

(P4y)=2v)
Tzste M

2 are Connaked L:’““"E -

Task 12
(a) 8-10°-2 bit
(L) {“Q”iHL&

do 24

2-10f Byte = 218

u

2. 223 bit = 3:22 by = 3406 ke =3 1B
=> (b) needs wrore storge capacity



Task 13

(a) x + Mathsgt(1-x2x)/2 —  x+ "";"z

([,) Poﬁ;“-c runwhie-e eevor: rool of neyafive nuber,
Condibm do be dudud 4o avesd Hos: 41-x2 20

(or,qu;vah—\#l‘,; XL £1 , ov: lx’ <4 )

Task M
Bud ==> Shoot [ RUMS) Bul ] [ RUt) Bud] |
a#u 2 Secomd I’plu'ca-’»‘m o{ Hoes mle vg,.,f'_-

Shoot [ RUMS) Sheot [RUMS) $radJ[RU(-4S) pd]]
[ RU(AS) Shart [£0045) Bud) [ RU(4S) bed] ]

Wit ;n;kall7 Verkeal dircetion of Shoot (r’ue., F), He JeoraMeal
;n}u’f&h‘“w look s l“u- ‘“«a&'.



