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1. Mathematical Loqgic

Propositions
- can be either true or false

- Examples: "Vienna is the capital of Austria”,
"Mary is pregnant”, "3+4=8"

- can be combined by logical operators, e.g.,
"Today is Tuesday and the sun is shining".

Usual logical operators and their abbreviations:

alb a and b (And)

alb aorb (latin: vel)

- a not a

a=>b a implies b (if a then b)
a->b a Is equivalentto b

(if and only if a then b; iff a then b)



Quantifiers

[IX for all x holds ...
[ X there exists an x for which ...

Further symbols

= IS equal by definition
Lo IS equivalent by definition

2. Sets

A set is a collection of different objects, which are
called the elements of the set.

The order in which the elements are listed does not
matter.

A set can have a finite or an infinite number of
elements. We speak of finite and infinite sets.

Examples:
The set of all human beings on earth (finite)
The set of all prime numbers (infinite)

Sets are usually designated by upper-case letters,
their elements by lower-case letters.

alM a is element of the set M
alM a is not element of the set M



Two notations for sets:

- Listing of all elements, delimited by commas (or
semicolons) and put in braces:
A={1,2;3;4,5}

- Usage of a variable symbol and specification of a
proposition (containing the variable) which has
to be fulfilled by the elements:

A ={x | xis a positive integer smaller than 6 }
(the vertical line is read: "... for which holds: ...")

alternative notation for the last one:
A={x0OIN | x<6}

(IN is the set of positive integer numbers, not
iIncluding 0.)

Number of elements of a set M (also called
cardinality of M): |M|

example: {xOIN | x<12 O xiseven} =5
Propositions involving sets:
Example: (hOIN: n?=2"

(true, because it is fulfilled for n = 2)

A special set: The empty set
Notation: [
For the empty set, we have || =0.
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Subsets and supersets

If A contains all elements of B (and possibly some
more), B is called a subset of A (and A a superset
of B).

Notation: B A (or, equivalently, A I B)

Visualization by a so-called Venn diagram:

A

tholds: AOB O BOA < A=B.
Intersection

The intersection of the sets A and B is the set of all
elements which are elements of A and of B.

Operator symbol: n
A n B= {x|xUA and x[IB }.

Example:
{1,2,3;4}n{2;4;6;8}={2;4}.




Two sets A and B are called disjointif A n B = 1.

D@

Union

The union of the sets A and B is the set of all
elements which are element of A or of B.

Operator symbol: [ (0 = Union)
A B= {x|xUAorxB }.

Example:
{1,2,3,4}0{2,4,6,8}={1,2;3;4,6,8}.

What is the number of elements |ALOB|?



If A and B are disjoint, we have:
|AOB|=|A] +[B]

LDy
Generalization:

If A1, Az, ..., An are all pairwise disjoint, then
A1 0 A0..OAn]| = |A1l+...+|An]|.

Remarks:

(1) (AOB)OC = A0BOC) ("associativity"),
So we can omit the parentheses

(the same holds for + and for n ).

(2) Short notations for iterated operations:

for n sets Ag, Az, ..., An:
UA=AO0...0A
i=1

for n numbers Xg, X2, ..., Xn:

n
DX =X X,
i=1

n

|_in = x, 0.. X,



(3) The formula |A L B|=|A|+|B| does not
hold if A and B are not disjoint. In the general case,
we have:

|ALOB|=|Al+|B|-|An B|.

Difference of sets

The difference set of the sets A and B is the set of
all elements which are element of A but not of B.
("A without B")

Operator symbol: — (sometimes also used: \).

A-B= {x|xOA and x[B }.

Example:
{1;2;3;4}-{2,4,6;8}={1;3}

A B

“-.-_____‘____,_.-

Complement

If all considered sets are
subsets of a given basic set Z,
the difference Z-A is often
called the complement of A
and is denoted AC.

At ={x0OZ | xOA}.




The power set

The set of all subsets of a given set S is called the
power set of S and is denoted P(S).

PS)={A|AOS}

Example:

S={12;,3}
P(S) ={0; {1} {2}; {3}; {1; 2}; {1; 3}; {2; 3}; {1, 2; 3} }

For the number of its elements, we have always:
|P(s)| = 2

Cartesian products of sets

The cartesian product of two sets A and B,

denoted AxB, is the set of all possible ordered
pairs where the first component is an element of A
and the second component an element of B.

AxB ={(a, b)| aldJA and bLB}

Remark: In an ordered pair, the order of the
components is fixed. If a # b, then (a, b) # (b, a).

Example: A={1;2;3}, B={u,v}
AxB ={(1, u); (2, u); 8, u); (1,v); (2,v); 38, V) }.



Attention: Usually it is AxXB # BxA |
Number of elements: |AxB | = |A| 0B].

Visualization of AXB in a coordinate system:

. ) , (3,v) AXB
o (200) o (3u)
R —

If A and B are subsets of the set IR of real numbers,
we can use the well-known cartesian coordinate

system.

Products of more than two sets

The elements of (A x B) x C are "nested pairs"”
((a, b), c); we identify them with the triples (a, b, ¢)
and write A x B x C.

Analogously for quadruples, etc.

A1 X A x ... x Ay ={ (a1, az, ...,an)|a1DA1D
a2 0A0...0 an 0 A}



If A1 =A2=...=An, wWe write:

n=AxXAX .. XA

(n times)

= set of all n-tuples with components from A.
Example:
B={x,y} =

B3 ={ (X, X, X); (X, X, ¥); (X, ¥, X); (X, ¥, ¥);
., X, X); (¥, X, ¥); (Y, Y, X); (Y, V. Y)

If the components are letters, the parentheses and
commas are often omitted:
B3 = {xxx;xxy; ...; yyy } set of words of length 3

The set of arbitrary words (strings) over a set:

*= APOATOA20ADO ...
with A% :={ €}, where ¢ is the empty word.
Example: {Xx,y }*={¢€; X;y; XX; XY; YX; YY; XXX; ... }

= AlOA20OA30 ...
does not contain the empty word.
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The cartesian product in the description of datasets
Frequently, informations regarding a measurement
are put together in an n-tuple. Example:

S = set of time values

T = set of temperature values

U = set of laboratory identifiers

V = set of measurement values
A measurement is then represented by a 4-tuple

(s,t,u,vV)USxTxUxV

with s = time of measurement, t = current
temperature, u = lab id, v = measured value.
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3. Relations

A (binary) relation R between two sets Aand B is a
subset of A x B.

That means, a relation is represented by a set R of
ordered pairs (a, b) witha O A and b I B.

If (a, b) O R we write also a R b (infix notation).

Graphical representation (if A and B are finite):

If (@, b) O R, connect a and b by an arrow

The converse relation R™ of R:
(b,a)OR?* = (a,b)OR

R is a subset of B x A.

In the graphical representation, switch the

directions of all arrows to obtain the converse
relation!
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If A =B, we have a relation in a set A.
Example: A = IR (set of real numbers), R =<
relation "smaller as". R consists of all number
pairs (X, y) with x <vy.

Generalization: n-ary relation:
any subset of A1 X Ax X ... x A,.
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4. Graphs

A ﬂr:EL Consists o{ 2 sef Vo( vcr-ilw'ces 3nd 2 sel E
0{ edaes. E 2.l ea[_gc Connects tuwo verdices .

Different vaviants of graphy differ in Hhe w2y how FHu edges
ave defined and hat edys are allowed :

e Undirected 9raphs :
Tbu, tijg; are (unaricru{) ?_—C(Ch—u«\‘f Subf&ﬁ of \/

Visuzalizahiea 1.1 undivected Aarcs :

w

e Directed graphs :
The cijg,s are Ovdered Pa\'rs, ie., E CVxV
(E s 2 yvelabigv in VJ

Visuali 2atian L-, direetd arcs . "Loapsh are alloved,
paulbiple ares  between dhe same VerRees are rot allowed :

& 5o

e Nultigraphs :
Mulfiple directd edges are aflowed

Q
%

e Labelled 9raphs :

Verbices andfor edges have labels A _5'\0
“Fth- 2 szt GF \/C";“X/CJ_’I. IQLQIJ 4 / B
2

(names, nuwbers,... )
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E x Fvaples :
tvan srmré nefwerks

— metabeolic networks

- chul LJch

CIIS} J:l_,ﬂws o Soff'u’zrc enj{uceﬂ'na

~ 9enenlogical Lrees

- structural ermlnc e cldl—u-fshj

H H
R A
He C= C— C\ vertex ~laballed
PI ,L ©~H wanléigvaplh
/7 N\
H H

Fq:l"ns " jrAPLs

A pa-H-\ s A Sequence af eJJ.e,s wher 4o Consecadve edyes

fnaue one Veetex

1M COlaran gvn

b
a2 erL between Z and b
A path whee shard- and 2nd verkx Comelde s ealled 2 cirele

1.4 ){ftd‘d eru, we dhs'l—in)u.‘sl. betieen divected aud Und \'rected
F?H‘IS . Awl-d""t Patf

iyl

?red-d f"““ °
Cyele

A Jdirected circle is called a tgc(-&, \L ”*
H
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Connected ness

If' far every faf'f of Verdkices /“‘r b) in ‘3‘?’]"1", Heere is a fa/l.

l)c')’-wezn a and L, flee 9""?" s called comnected .

Every unconnected graph can be ol¢¢onafas¢.l i Connected cownponents

< &N

2 9raph wilh 4 connected COwt Poneats

Gripl‘ -theereheal J.‘s{am,z

The ih-hm:z betweem hvo verbices @ aad & in a Frmpl

is fle bv\"ﬂu’
‘,,g__"“q v\\u-\.LAJ o-F CJIJCS B 0{ Ha Sl-lar!‘-‘s'l' P‘Zf‘q .L;J-\.‘(‘;.\ a a...J L

if suel » pall exists, Ofaise, W dishamee is undeined

L

X dist(a,b) = 3
ac O L

Trees

A dree s = 9raph witlnt Circles

A tree:

Example : phylegenetic Frees
,l,s";],;n) JenehHe Ian;L.‘p Letween Species

A rvooted +ree is a tree in which owe vertex L. veot
I's 4;"";“3“:5[“4[-

roet
Tha root 5 offem drawn 2t $ha fop :

Rooted hees are used o describe
hieraceliies (0.9, biolegieal syskwaties,
in avsanizatens or in nested direchmies of data.

16



- ¥

“"2u& path ,\ 7

from Has voot (exf varkices
to 2 leaf

Dr.g ‘Ze

The number of edges Fr Whith a verfex belomgs /3 called the degree
of He verdex,

In directed 9riphs e ahh‘--'n;u,';l, behween ;hajl.z-ru and Ou*ﬁru
of A Verfex,

Subdivision
A jubliv?}lm AL of a graph G s obtamed by mstring verbees
of oegree 2 in He edges of 6.

G: q -— 6':

QHP!&"L gﬂp]a.}
e Complet gaph K,y 15 e areph wath n verkces whee
every rm;r of A fferemt verHees 15 Comnechd by A ea{,g_

(8150 called : Cll‘gu.f.. )
-] A X
K, K, Ky Ky, ke
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B'mpwl-'k 9vaph

A Li_per-‘h grapl cam be ,Sf/H’ inte fe Jr‘!)'h"nl‘ Sets of
VCY\L:CJ!S, A and B, Sucl, Jlot all ¢J"¢5 90 frvm 2 vevdex ﬁ"‘-A
Lo 2 verdee fon B,

A B

(Tue edpes Ham frrm & fefabion behveen A and 8.)

CSVERD)

e Lounplete )m‘yarl-'k grapl, L(.....,., s a b:pzr‘w‘k opl WAL
!A' =, fB, =n 7nd &J;zs 90 frewa every vierex of A
'('U Cvcr-I vevdex af &

o ;é
K23 K33 Kaq '

! '

r

P”a‘narﬂq

A gvaph s _ﬂ’n_na_!-_ W s verkees and edses can be
eombedded in e plane | wAith edyes a5 ares in Mo plane,
such $hat no tvo difforent elges inttrsect in points different
from Hcr start = and end verder .

< N

lﬂon-ﬂanzf S LcJJ-'n‘, r{ln ay ﬂn‘&JJ-.nJ
of Yo Saus avaph
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Icuvatowski's flicoren ;

A ovaph is planar  iof and suly if it dees ot Comtain
2any Subdivisian uf K’. or [{3'3 )
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5. Functions

The function is a fundamental notion in
mathematics. It is used to describe:

- a dependency between two variables (e.g.,
between measured sizes of the same objects)

- a transformation of data during some calculation
or processing step

input =®_’ output

- a development of a variable in time or in space
(e.g., heigth growth of a plant;
magnetic field strength in space...)

Frequently used synonyms for function:
mapping, transformation, operator

The precise definition of a function identifies it with
the relation between "input" (argument(s)) and
"output” (value), i.e., a function is defined as a
special case of a relation:

A relation R between the sets A (= possible input
values) and B (= possible values) is a function if for
every a [1 A there is exactly one b [0 B witha R b.
We write then f instead of R and use frequently
the notation f(a) =b.
Further typical notations:

f:A - B, al- b .
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.Tl/u, {pud\..n'n‘, sitalon s Ty excluded f Fauckm; ,

because a would have +uo Aifferent “iwmages” in B .

A B {(a) st be

wigue.

Allowved ;s -

‘f(ﬂ):c

8
»r £(b) =c

writen as set; {: {(G,C); (b, t)} C AxB
We s=q: £ wiaps a to c", “e s an wadge of a uede £
.F e fle Funcum, ‘F(d) is & special value |
a Is C'ﬂ"-&J ‘ﬂn.l_ afﬂuwm'f o-f 7[‘.
D;{{fcrgwl otakions
-F(A) or -Fa, przﬁ‘x votation

a -F Pg ;{'{-.‘x no fation
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Domain and image of a function

A '3 (3“‘1 e CI‘-OI-MI;M o.F -l[

{(A) is calid e jmage of A unde f
Sovetimes also range of f

Multivariate functions

Fumcgwj Can have sevitral ardumenss :

f- AxB = C
(a,b) 3 f(d,é)‘-'r'c € C
acA bebB

£ Aax..xA, 3 (ay,..,an) P f(a,,a.) € C
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Injective, surjective, bijective functions

Lnjechvity
]c\ %unc'{-fm -IC: A-"7B '$ caff-u( injzc#'vz f{
Va,behA: a+b = fla)2{£0).

-n-\.a."' P lAnS, 4140 Ja‘;?‘»’nc* C?tmun-h‘ df A Lawc ﬂfw.h,_t
diskinet iwnges. Not alloved s :

A 8
s ’
4
Surjx¢+:vr+7

A ‘Cmnc-f—lah ][; A-@B I3 Cﬁ’lq{ Sl-tr‘)'lt‘ﬁ'vc. J'F

VbLeR TaceA: £la)=b. Al ele—ts of 2
Are fwny.s o-{ ¢l ererts of A Mot allewnd is:

..... Hg"' ﬁbh;“
&3 ;Mt,n. I‘“Jp\u -f
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B}jec-’r—?v;"‘j
{- A>B i caltd bijeckve if it is injechve znd

(urjzcvfw‘wz_.

Bije.c'f—iu ]L'—'-\c-k‘ams Can he inverded ,

I e, He Conversa relakoa 1[—4: B—>A s A%z A }C"“'C"""h.
T]»,g\‘ Al mraf -lf'"'ﬂ:) s hn?:ug ﬂ,‘— eviry ’pé B

EX?m,ofc. where Hs is not fhe cage .
-F(r)()':)(l A=B=IK

£2)= Yy

.q -
‘IL('—Z)::Lf } {0 ot unique,

{“‘ ne ‘]Cuncf'-'m
{— s net b:'jeck'v; o K.

How to obtain the inverse function of a bijective
real-valued function (with one argument):

* solve f(x) =y for x, so you obtain x = f~(y)
 switch the names of the variables (X « Yy)
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